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A:EMITTANCE GRAPHS

A: GRAPHS FOR COg, H20 AND CO EMITTANCE

Alberti et al. (208) use HITEMP 2010ine-by-line data to compose accurate emittance
charts for CQ, water vapor and CO, along with pressure and overlap corrections for mixtures of
these absorbing/emitting gasesxedwith nonparticipating N Aside from the addition of CO to
the original Hottel chartsHottel 1954, the new charts are extended to higher pressures and
temperatures. The authors have also constructed curve fits of the new data to allow accurate
interpolationand made available an EXCEL worksheet using these interpolationsote all
convenient calculation of the emittance of mixtures 0b,G0O, CO and N at temperatures and
pressures within the range of the computed emittance values (300 < T <3000 Kand 0.1 <P < 100
atm). The worksheet is availabletdtps://doi.org/10.1016/}.jgsrt.2018.08.008.

Prof. Alberti has kindly providethe charts for inclusion here, and they are reproduced
below.

For a gas mixture, the total emittance is found from

ot =B cb2€ co+ E6Gon - DE8 P e (A.1)
In Eq. A.1), the first three termare the emittances of the individual gases at their respective
pressurepath lengtk (barcm) andat themixture temperaturefoundfrom FiguresA.17 A.3.
These are based on an equivalent pressuygien by
I:)EHZO = I:¥ot (1 -60%20)

PE? = Ry (1 40.28x,) (A2

P = Rot (1 "O-OOXCO)

where thex; values are the mole fractions of each component in the mixture withhe next
three terms are the binary overlap correctivoms Figs.A.4 - A.6, and the final term in EgA(1)
is the ternary overlap correction, needed only if more than two gases are present in the mixture.
This final term is given by
De max( Fe &3 DE: M0 &9 <9 (A.3)

Some assumptions are built into the relations for pressure and overlap corrections, but comparisons between
emittance values computed from the charts or worksheet anbtiige calculations have shown that the
graphical and worksheet results are withigtter than 1 percent of the exact LBL valu&kerti et al.
(2018) give worked examples to illustrate use of the charts and worksheet.

Tam and Yuen (2019) provide an ogssurce tool for emittance and absorptance of-8&D-N,-
O2-soot mixtures for combustion calculatiodberti et al. (2020) provide an updated method for
computing the absorptance 60,, H-O, CO, N mixturesexposed to blackbody radiation at an
arbitrary source temperature.

Al
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A:EMITTANCE GRAPHS

Carbon Dioxide’s Standard Emissivity Chart
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A:EMITTANCE GRAPHS

Water Vapor’s Standard Emissivity Chart
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Carbon Monoxide’s Standard Emissivity Chart
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A:EMITTANCE GRAPHS

Pressure correction of CO» using equivalent pressure Pg = P;- (1 +0.28 - 2c0,)
(a) T = 500K (b) T = 1000K
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Pressure correction of H,O using equivalent pressure Pg = P, (1 +5- 2p,0)
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Pressure correction of CO using equivalent pressure Pg = P,
(a) T = 500K (b) T = 1000K
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P, > 20bar, T = 500K
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A.9 Overlap Correction for Water Vap&@arbon Monoxide Mixtures

THE ORIGINAL HOTTEL CHARTS
Ho t toeidindl graphof the total emittancélpLe,T) for CO; and HO (Hottel, 1954;

Hottel and Sarofim, 1967#)ave been widely useaiterthey were published for radiatienergy
transfer calculations in combustion chambefhey were based on experimental data with
extrapolations to high temperatures and ldrgpartial pressure regions based on themy were
a significant advance in providing data for engineering design

Leckner (1972) gives empirical correlations for the total emittance derived from
calculations summing narrow band behavior over the spectrum for both water vaporaité€O
most accurate expressions from Leckner agree within 5% to values calculated from spectral data
for T > 400K and are in close agreement with Hottel charts for ranges where Hottellhased
charts on experimental data. Docherty (1982)
as wel |l as with more recent experimental dat a
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accurate than Hott@lsharts in the regions where Hottel extrapolated outside the raihge
experimental datavailable to him.

Lecknerd6s correlati ons pmma andLgin et The acogelagon e f un
equation is

)

T, ple) :expfao & 3[log(pL]’ (A.4)

| =1 !

e N i _
wherea; =6 @ _§ (T/1000' and the values afj are in TableA.1 for water vapor and for
CO..

TABLEA.1

Coefficients c; for Equation A.4 to Calculate Water Vapor and CO, Emittance

J Coj Gij Cyj Cyj Cyj

Water vapor, T>400 K, M=2, N=2

0 -2.2118 -1.1987 0.035596

| 0.85667 0.93048 —0.14391

2 —0.10838 —0.17156 0.045915

Carbon dioxide, T>400 K. M =3, N=4

0 -3.9781 27353 -1.9822 0.31054 0.015719

| 1.9326 —3.5932 3.7247 —1.4535 0.20132

2 —0.35366 0.61766 —0.84207 0.39859 —0.063356

3 —0.080181 0.31466 —0.19973 0.046532 —0.0033086
For water vapor, the pressure correction from Leckner is

Cioo =1 K ho 1 w0 (A.5)

[1.888 2.053log T /100dR: 1o + 1.1T( /1000]

where L =
"° "R 0+[1.888 -2.053log, T /1000) +1.1T( /1000f

& {log,o[13.20T /10005 1 lo L,
andtzo =exp33{ Orol T 23]’ do Or0 } .

e
¢

The effective pressure is given B p,0 = Ptgl #4.9(pu,0 IR)(273/T¥? and P, is the total

pressure of the diH>O mixture. In the expression fer, theT in the expression in square brackets
is replaced by 750 it < 750 K.
The pressure correction for @®@om Leckner is given by

Cco, =1 K do, 1} co? (A.6)

A1l
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_ §.00+ 0.107 /1000}** B.co, +0.22
R:.co, +§1.00 +0.10T /1000}“ g-0.7

andXco, =xp[ .47 niogo peolel}-

The effective pressure is given by co, = Pt[l 9.28(pco, /F{j, whereP; is the total pressure of

the aii CO, mixture. In the expression far, € = logo[0.225(/1000¥] if T > 700 K, and
¢ = 10g10[0.054(T/1000) 7 if T < 700 K.

An empirical expression for the band overlap correction that is in good agreement with the
Hottel chart (Leckner 1972) valid for 1000T< 2200 K and all pressures is

where L o,

a ya

© g_ 0.7+ 101z 0:0089 ™ ZFQ?IOQO bl

}2.76

(A.7)

wherez =sz0/( P,0 pcoz), p:(mzo +p;oz) is in bars, andle is in cm.

The emergence of the accurate Imeline data bases (used in generating the charts and spread
sheet by Alberti et al. 2018) has largely superseded the pioneering work of Hottel.

ExampleA.1

A container with effective radiation thicknesslaf= 2.4 m contains a mixture of 15 volume percent 0$,Q0% HO vapor,
and the remainder air. The total pressure of the gas mixture is 1 atm, and the gas temperature is 1200 K. What is the
emittance of thegas?

The partial pressures of the gases are equal to the mole fraction of each times the total pressure. The mole fraction in an
ideal gas mixture is equal to the volume fraction, so the partial pressurgs-gse= 0.15, py,o = 0.20, andp,r = 0.65 atm.

o N -
For water vapor, the; values ardj =Coj 1] izlcij (T/lOOO)I, givingaiI' b o & p WABE andsl L n. Wsing Equation

F oo i M
A.4 (remembering to convert the pressures to ba@),o(T,pLe) ®&xpia, & a gog(pLe) 'gu 0:313.
j=1
Asimilar calculation for CQivese(CQ) = 0.155. No pressure correction is hecessary because the total pressure is 1 atm.
The overlap correction is calculated using

z = Pmo - 020 4574

Pu,o + Pco, 0.15 60.20

and
(Pro *+Pco,)le £0.15 6:20) (atm) 191325 (bar/atm) 248 (cm)
=85.1(bar m).

Substituting results in

2.76

| o

z

10.4,, (@
De 0741017 0.0089 z@aglo(pl_e)]

0.051

The total emittance of the gas mixture is then

A-12
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Emixture “H®  Cb,© 0.818 ©.155 0051 0.417

Using thedata in thespreadsheet for the Alberti correlations gives a valueef,.; 9.401
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B: DIRECTIONAL/SPECULAR SURFACE ENCLOSURE

B: DIRECTIONAL/SPECULAR SURFACE ENCLOSURES

B.1 INTRODUCTION

Many radiation analyses assume diffuse emitting and reflecting surfaces, and some treatments
include the effect of specular reflections with diffuse emission (Se6t@nDiffuse or specular
surface conditions are the most convenient to treat analytically, and in many instances the detailed
consideration of directional emission and reflection effects is unwarranted. However, certain
materials and special situations reguine examination of directional effects.

R, dAy, T, £5(65, )

Surface 2

__Ir,lﬁe‘m- dry)

dAy, Ty £,(0,, @) — %

Surface 1

= L -

Figure B.1Radiant interchange between parallel directional surfaces of finite Wwithlat are
infinitely long in the direction normal to the plane of the drawing.

The difficulty in treating the general case of directionally dependent properties is illustrated by
performing an energy balance in a simple geometry: the radiative exchange between two infinitely
long parallel nondiffuse gray surfaces of finite witltfiFigureB.1). The radiation intensity leaving
elementdA; in direction €1, «1) is composed of emitted and reflected intensities:

|1(qn1, fl) |-_e,1( rid r,) fl; ,(+r,iL r,)? (B.1)

These two components are given by modifications of EquaBighand 3.4 to convertEquation
B.1to the form

b ) (en @ 6T) {lraraa b o K% @2
a

In the second term on the right of Equatid@, the energy incident ah?; from each elemerA,

is multiplied by the bidirectional total reflectivity to give the contribution to the intensity reflected
from dAs into direction €1, «,1). This is then integrated ovée to include all energy incident on
dAs from Ao.



B.DIRECTIONAL/SPECULAR SURFACE ENCLOSURE

A similar equation is written for an arbitrary elemei#t on surface 2. The result is a pair of
coupled integral equations to be solvedIfof «) at each position and for each direction on the
two surfaces. Detailed property data ffdf, «) andj (di, «, d, «) areoftennot available. For the
case whenTl: and T> are not known and the temperature dependence of the properties is
considerable, the solution for the entire eneegghange distribution becomes very tedious.
Approximations can be made, suak analytically simulating the real properties with simple
functions, omitting certain portions of energy deemed negligible, or ignoring directional effects
except those expected to provide significant changes from diffuse or specular analyses.

The effect of polarization has been negledtethis treatmentlt can be quite important when
multiple specular reflections are present, asmolarized component may be quickly attenuated
after multiple reflections while the other may ndsing an average reflectivity will not capture
that effect. This is especially the case for long channels such as light pipes and fiber optics.

An example is now given illustrating the effect of a directiegraly surface on radiative
exchange.

ExampleB.1

Two parallel isothermal plates of infinite length and finite widtare arranged as in FiguB22a The upper plate is black,
while the lower is a highly reflective gray material with parallel deep grooves of open angle 1° in its surface extending alo
the infinite direction. Such a surface might be constructed by stacking polished razor bladearrdhadings are at zero
temperature. Compute the net energy gain by the directional surfatesifl; and compare the result to the net energy gain

if the drectionalgray surface is replaced by a diffupey surface with an emissivity equivalent to the hemispherical
emissivity of the directional surface.

%, Normal to
base plane p |
P Bll."

- -
——  £(p,)=0.830cos f,

. . &1(By) for actual
™ " grooved surface
.‘. A \\

\ \
* Hemispherical
\ &, = 0.652
1

! \
-90 — T T L 190
100 075 050 02 0 025 050 075 100
Directional emissivity, €, ()

(b)
FigureB.2 Interchange between grooved directiongtay surface and black surface: (a) geometry of problem (environment at
zero temperature); (b) emissivity of directional surface.

In Howell and Perlmutter (1963), the directional emissivity is calculated at the opening of an infinitely long groove with
specularly reflecting walls of surface emissivity 0.01. This is given by tiasloéd line in FigurB.2b. The anglé, is measured
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B.DIRECTIONAL/SPECULAR SURFACE ENCLOSURE

from the normal of the opening plane of the grooved surface and is in the-sexg®nal plane perpendicular to the length of
the groove as in Figuri®.2a. Thet,(i 1) has already been averaged over all circumferential angles for aifixéthus, it is an
effective emissivity for radiation from a strip on the grooved surface to a parallel infinitely long strip element on a@mairpag
semicylinder over the groove and with its axis parallel to the grooves. Theiarigldifferent from the usual cone andle. The
actual emissivity1(i 1) of FigureB.2b is approximated for convenience by the analytical expressitn) £ 0.830 cos ;. Using
cylindrical coordinates to integrate over &il, the hemispherical emissivity of this surface is

N
N e( Dcos b, b P2
e =% 6:830 ffos” db  0.652

%
ﬁ . codd b 0

and this is the dashed line in FigBeb.
The energy gained by surface 1 will first be determined when surface 2 is black and surface 1 is difflse Qi@52.

The energy emitted by the diffuse surface 1 per unit of the infinite length and per unit tikg, i50.652 3L Because
surface 2 is black, none of this energy is reflected to surface 1. The energy per unit length and time emitted by btack surfa
2 that is absorbed by surface 1 is

Qa1= a E4ﬁd|:<|";']d1dAz =T SdFdlﬁdAi

Ao Ay Ay

The configuration factor between infinite parallel strips, frexamples.2,is dRibg, = d(sinb1)/2 so that

@d'ﬁ

A Cho

(sin ﬁx S yh) dx

x=0

|o§01
I\J\l—\

From Figurd.2a, si; =( XX)/S( X)(2 -D? ﬂé, which gives

g
_ 1 ~e L-x L X dx
Qu=¢eT¢ zxrolg(x ol Bz)yz (X2 D_%)IIZ 5

=0.652 §2“g|_2 592)”2 DS

- - Ratio of surface
——— Directional surface

. temperatures,
———— Diffuse surface (T,/T,)*

Absorption effidency, Eﬁ'

-0.8 UL L R L R NN L R I
0.01 0.1 1 10 100

Plate width to spacing ratio, [=L/D
Figure B.3 Effect of directional emissivity on absorption efficiency of surface.

The net energy gained by surfacea b Qe,1, divided by the energy emitted by surface 2, is a measure oétfigency of
the surface as a directional absorber. For surface 1, being diffuse, this rdtioli®y.
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Q.- Q., 0.652¢ v2 T
Eff. — Xa el _ 41 1% 1--1]
diffuse ST24|_ | é ) -I-24

When surface 1 is a directional (grooved) surface, the amount of energy emitted from surface 1 is the same as for a diffuse
surface (although it has a different directional distribution) since both have the same hemispherical emissivity. The energy
absorbal by the grooved surface is, by usidgb1) =ei(b,) for a gray surface,

L bimax

CF?Z d ﬁ)x b

~ 0.830s T,
Qa1 = §24n 1ﬁ)dﬂ:dz—d1dA2 =2

Ao AL x=0 Bmin
L
0.830sT, ~€ D(L -x) AL x 8 xD 1 X
= : tan te g4 tan * > dX
2 I o ¢ o7 €p ¢ p? p U™
_0.830sT L

tan""—
2 D

The absorption efficiency of the directional surface is then

4

iy

- . 2
Eﬁdirectional = Qa& T4Se’2 2 23Otan_ ' 0.65 .
sT, ‘

N
o~ Ay

The absorption efficiencies of the directiorgriay and diffusegray surfaces are in FiguBe3as a function of with (T./ T,)*

as a parameter. Thiefffor the directional surface is higher than that for the diffuse surface for all valueé&\sfapproaches

zero, the configuration approaches that of infinite elemental strips, and emission from surface 1 becomes much larger than
absorption from surface 2. ThuBffrecionai@nd Effiiruse are nearly equal since the surfaces always emit the same amount.
As | approaches infinity, the directional effects are lost. At intermedihte 10% difference in absorption efficiency is
attainable.

1.00

0.95 4"

0.90 e Diffuse: p*p

Specular: p*p,
————— Specular: p*p,(6)

A | — op/A=2/3;a,/A =107 . 4. . .
/ o — Gy =1/3;ay\ =5 b1fhre.;t1(%nal,
0.85 7/ ————GyA=1/15a/k = 1) P=P8:8)

Local energy loss, g(x/L) eaT*

0.80 T T T T 1
0 0.2 0.4 0.6 0.8 1.0

Distance from vertex, x/L

Figure B.4 Local radiative energy loss from surface of isothermal groove cavity. Hemispherical
emissivity of surfacés assumed witk= 0.1.

The effects of directional properties on the local energy loss can be considerable for some
geometries. In Figur®.4 some directional distributions of reflectivity are examined for their
influence on local energy loss from the walls of an infinitely long groove. The results are from
Viskanta etl. (1967), where for comparison the curves were gathered from originalandrk
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various sources. The walls of the groove are at 90°, and the surface emissivity distributions are all
normalized to give a hemispherical emissivity of 0.1. Curves are presented for diffuse reflectivity
}, specular reflectivity assumed independent of incident gnghkgpecular reflectivity dependent

on incident anglg s(df) based on electromagnetic theory, and three distributions of bidirectional
reflectivity J (dr, df). The bidirectional distributions are based on Beckmann and Spizzichino (1963)
for rough sirfaces having various combinations of the ratio of rms opsigdhce roughness
amplitude to radiation wavelengtfig/a; and the ratio of roughness autocorrelation distance to
radiation wavelengthgo/e: Note that the results in FiguBe4 for the specular and diffuse models

do not provide upper and lower limits to all the solutions, as is sometimes claimed. Additional
information on surface roughness as it affects the directional properties of surfaces is in Section
4.2. Energy transfer was studied in a groove with two rough sides, each at uniform temperature.
The roughness has a greater influence on the radiation exchange between the two sides than on the
net radiation from the groove.

B2 SURFACES WITH DIRECTIONALLY AND SPECTRALLY DEPENDENT PROPERTIES

The general case of radiative transfer in enclosures where surface properties depend on both
direction and wavelength, and where properties can be temperature dependent, is complex to treat
fully. When those dependencies must be included, numerical tegsnaye necessary. Toor
(1967) used the Monte Carlo method to study radiation interchange for various simply arranged
surfaces with directional properties. Zhan@let(1997) derived the directiongpectral relation

for radiative transfer between paréidates That is a generalization (with properties independent

of angle«) of Equation(6.5.3) in Example6.5:

p/2 o
~ ~EbilT)- EpolT ,
g9 10= + 1

S ,(1 QT1) e( ,22-@)

A difficulty for such an evaluation is in finding the detailed radiative properties to sufficient
accuracy. The technology of interest was for evaluating the insulating performance of a double
glass window with a vacuum between the two panes. The gldasesiare opaque in the infrared
region
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LBy, ¢ 1)

{;\[_91; (Pi. r)

Figure B.5Geometry for incoming and outgoing intensities at a differential surface area.

so that, for the temperatures involved, Equaf®s3) could be used for transfer across the vacuum
space. Comparisons were made with experiments.

In this section, the general integral equations are formulated for radiation in such systems, and a
considerably simplified example problem is solved. The procedure is a combination of the
previous diffusespectral and directiongray analyses. The equats are formulated at one
wavelength as in Sectiogh7 and in terms of intensities for each direction as in Se&i8nthis
accounts for both spectral and directional effects. The interaction between two plane surfaces is
developed first; this can be generalized to a multisurface enclosure as for gray suiSam®m
6.3

The energy balance is now developed for an area elelAattiocatiorr in anx, y, zcoordinate
system as in FigurB.5. Thels ¢d;, «, r) is the outgoing spectral intensity frahAin the direction
dr, « as the result of both emission and reflection. The spectral intensity emited inythis
direction is

Le(@rn £.r) =(e, O )fst) (B.4)

These quantities also depend T, but this functional designation is omitted to simplify the
notation. The intensity reflected frodA into thed, « direction results from the incident intensity
from all directions of a hemisphere abal If the spectral intensity incident @A within dqi is
lsi(di, ¢, r), the intensity reflected fromA into directiond;, « is

IR :ﬁ (re, @ isfir o ,iI( ivik ) aps;d (B.5)
W =0

The net energy flux supplied oA for steady state is the difference between the outgoing and
incoming radiative fluxes:
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q(r)= ﬁJ| r)dtl - Gﬁ)d (B.6)

The Js(r)da-is the angular integration of the emitted and reflected spectral fluxes over all outgoing
directions:

Ty, 83,0(85 @2, T5)

——— [
Normal to dA, _\\*.\er,z y
N7

8

Figure B.6 The nterchange between surfaces having directional spectral properties (environment
at ~0 K).

2p P2
J(r)dl =Ap(r)d Iﬁ ﬁar, q )din . cosqd .d g
fr € r9q0=
S_— (B.7)
+ ﬁ hﬁ g (fr)d sih, cos,d.d, g
fr 8,q0=
The Go(r)da-is the result of spectral fluxes incident fromdg; directions:
2p p2
G (r)dl =ﬁ |ﬁ .9;rf)d sinl; cosj d; dg (B.8)
fi ® iq0=

EquationgB.4) through(B.8) provide an exact formulation to obtain #gm@ergyflux g(r) that must
be supplied by other means to adéeo maintain its temperature &a in the presence of incident
and emitted radiation.

To develop an enclosure theory, various degrees of approximation can be made. If the enclosure
is very simple, such as having only twdinite plane surfaces, it may be feasible to include
variations of properties and surface temperature across each surface. To develop the required
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integral equations, consider the two surfaces in Figusand let the surrounding environment be

at low temperature so that it does not contribute incident radiation. The spectral energy leaving
dA; atr that reacheslAs atry is loo 2(Ch, €2, 2)dod Accoh(dAicosh/SY). In terms of the incident
intensity, the incident spectral intensity a1 iS lei,1(0, ¢1,r1)dedAccosdidg 1, wheredq: =
(dAccosh)/S. Thus, s 1(di, ¢1,r1) = le2(ch, €2,r2) and, by usindequationgB.4) and(B.5),

Ilo,l(qr,b fr,1,r1) = élr,b G, ])l b{r )

+ﬁl’,1( 8 oraf o Q1,r1}| IoZ( 2 JQMdA (B.9)
Ao

r-rf

Similarly, for surface 2, the outgoing intensity is

loa(tra f2r) =4 2 d I wf )
¥ 8 o 202rliod 5 5 QTP A (B.10)
A

e

Equations(B.9) and(B.10) are both in terms of outgoing intensities, and they provide a set of
simultaneous integral equations fiee 1 and 1s82, where the subscript o denotes the outgoing
direction.An iterative numerical solution is required that can be quite complex as both unknowns
are functions of position and angle. Aftes 1(dh, «1, r1) andls8 2 (dz, 2, r2) are obtained, the total

energy can be determined that must be supplied to each surface element to maintain the specified
local surface temperature. The total energy supplied is the difference between the total emitted and
absorbed energies:

aQ_ n ef) 19 raf )l iwdrJcos d o W

dA |8 A&
] (B.11)
- ﬁ ﬁiﬁ i9 i,1fr1)| Io,2( 2 Gf JMdAﬂ
| 8 ‘rz rl‘

To develop an enclosure theory with more than a few surfacekytbemperature, and surface
properties areisuallyassumed uniform over each enclosure surface. In addition, a finite number
of angular intervals must be specified. If weAgandA be thekth andjth surfaces of an enclosure
with N surfaces, then, by integrating Equat{@9) over A« and summing the contributions from
all of theA surfaces,

I ok (Qr,k, fr,k) =, ké ko 4, k)l Y’

an IR DLt JquAdAk (B.12)

._1/’5«/-\] ‘j- k‘
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When written out for each surfakeand for a sufficient number of directiord §, « ) to obtain
acceptable accuracy in the angular integrations that follow, this yields a set of simultaneous
equations fotaox(chk, ¢ k) fork= 1 N. é ,

With this degree of approximation, which is characteristic for enclosure analyses, consider the
interaction of the two plane surfaceshkigure B.6. The surroundings are at low temperature
relative to the surface temperature, so radiation from the surroundings is neglected; this provides
a two-surface enclosure. Then, writing Equat{@&12) for k=1 and 2,

|Io,1(qr,1, fr.l) =) elm’ q])| fb,]J
1 SO COS B.1
+A,!:,!Q ‘,ﬁ 8 raf in q,1)| foyz( 3 Q)Q_SJSZFQdAj dA (B.13)

IIo,Z(Qr,Z' 1:r,z) :I,Zé ra qu)I 1:Ib,2
cosg

+A12ﬁ l’,ﬁ s P q,z)lfoyl( Y ])CO 2 dAdA, (B.14)

EquationgB.13) and(B.14) are in terms of outgoing intensities in each directiqn « k; they are
simultaneous integral equations fes;,1 andlee,2. A numerical solution can be obtained by writing
these equations fonanydiscrete angular intervals to develop a set of simultaneous equations.

After lao1(dr1, ¢v,1) andlso2(d: 2, ¢;2) are obtained foenoughangular intervals to yield good
accuracy, the total energy can be determined that must be supplied to each surface to maintain its
specified temperature. This is the difference between energies carried away from and to the
surface; forA; this gives

o

©

Al ﬁ II(I?]']( A r,fl)cos r,;q r,p\N |
I8 A&

(B.15)

[

a1 el 47 onond
| 9A A
and similarly forA.. For diffusegray surfaces, so thht,1 andlee,2 are independent @ d, and«,
this simplifies toQi/A1 = "lsal " le2F12 = JiT JoF 12 as given byEquation(6.17).

If Q1 rather thanT: is specified,T: must befound and the solution becomes more difficult. A
temperature is assumed for, and the enclosure equations of the form EquatiBris) and(B.14)
are solved to find thés. The outgoing intensities are substituted into Equafi®tb), and the
computedQ: is compared to the given value. Theis then adjusted and the procedure repeated
until agreement between given and compu@eds attained. IfQ is specified for more than one
surface, the solution is even more difficult.

ExampleB.2
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For an example that can be carried out in analytical form, a small area eletAgistconsidered on the axis of, and parallel
to, a black circular disk as in Figl&. The element is afy, the disk afl,, and the environment al. f O K. ThalA has a
directional spectral emissivity independent oaind approximated by

a1 &) 08cos 1ge ™ ™)

whereGAa 2yS 2F (GKS Ozzyaidlyda Ay tflyO0O]l Qa &aLlsandTNdasdewsadd G NA 6 dzi A 2
to simplify this illustrative example and obtain an analytical result. More generally, numerical integration can be ubed. Fin
the energydQ; added todA; to maintainT;.

D /  T.=0K

FigureB.7 Radiative aergy exchange involving directional spectral surface elentwmid énvironment at ~0 K).

The energy balance Equation(B.11]) is emitted energy minus absorbed incident energy. The energy emittet\og

o

dQe1=dA [ effjdtbacos dad

I & A

Insert the expressions fdlles, 1 (Equation(3.3)), anddw; = sird «; to obtain

o 2p f2

dQe;=0.8dA ]  Fpos L e “1)%@ dad d
1 © 1f05 O =
Integrating over«; andd; gives
- 2p~ 2G
dQe,l - 08dA1? mwd ‘

Using the transformatioms = G/ aT1, the relationﬁz3e' tl z 3tfrom a table of definite integrals, and Stef@Boltzmann
0]

constantli from Equation(2.33) yields

dQeJ:% §'dA 6493 T&A

Thus, the totahemispherical emission is about half that of a blackbody.
The energy absorbed WA, is

dQuu=dA ] 1 )Mol 2 B o TdAd

I 8A
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CNBEY YANDKK2FTQa fl g3 GKS RANBOUA 2 Y lditakerdS drinddement, thels@idNLIG A A ( &
angle cosfzdA/ Fis written as 2 sind:dd;. This is used to write the absorbed energy as (whgee= I, SinceAp is a black
surface)

o (imax
dQa =2 MB)A ] ([ 18n dalig e ™)
I 9 190=

‘QLmax

~2C(1 %™
Il 5(eC2/| T2 _:D

3 ‘ql 8 o
_3.2pCdA, & D® a1l -ecm

(D + R2)3/2 E‘ F(eCZII T2 :B l

Using the transformatiom = G/ a7y, this is placed in the form

48¢ aT,
d lS“d G
Qu=pe g e §EACE

wherer =R/ DandG(T,/T,) = (1/6)ﬁ e {1 e ™M)/ e-)d*. Thisintegral was evaluated numerically, givd(t.0) = 1.000,
0

G(1.5) = 1.045, an@2.0) = 1.063; hence, the effect of temperature ratio is small. Finally, the energy addi¥ to

maintain it atTy is given by

_ 48s B, 46 1
dQl_dQe,l 'an,l p4 ,Ile TZ? 1 ¥ )3/2 %? g

As shown byExampleB.2, it is difficult to devise an analytical function foi(d, T) that can be
integrated in closed form over both angle and wavelength. Numerical methods are required to
solve problems of this type fa$(d, T) functions that represent experimental data.

The development in this section has shown that, although the formulation of radatitange
problems involving directional and/or spectral properties is not conceptually difficult, it is usually
tedious to solve the resulting integral equations. To l&yrihe equations, it is usually necessary
to make assumptions and approximations that can vary from case to case. Numerical techniques
such as iteration are used for directional spectral formulations, since -tbosednalytical
solutions can rarely bebtained. An alternative numerical technique is the Monte Carlo method
presented irSection 10. For complicated directional and spectral effects, this is often a better
approach than using an integral equation formulation.

A surface with part specular and part diffuse reflectivity and a semigray analysis were used by
Shimoji (1977) to find local temperatures in conical andrdove cavities exposed to incident
solar radiation parallel to the cone axis oighbove bisector pine. Toor and Viskanta (1972)
compared with experiment various analytical models using diffuse, specular, semigray, nongray,
and combinations of these characteristics. They found, for the particular geometries and materials
studied, that spectral effectere less important than directional effects and that the presence of
one or more diffuse surfaces in an enclosure made the presence of specularly reflecting surfaces
unimportant Wijnen et al. (2021) included polarization along with angular effects in their
approachlf grooves on a surface have a size that is comparable to or smaller than the wavelength
of the incident or emitted radiation, there can be complex interactions of the electromagnetic waves
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within the grooves. This can produce unusual spectral and directional effects. The radiation
behavior of materials with emanufacturednicrostructure was studied by Heshetlalet(1988),

Glass etl. (1982), Wirgin and Maradudin (1985), Sentenac and Greffet (1994), Hajimaka et
(2011, 2012)Krishna and Lee (2018pullivan et al. (2021)and Simeroth et al. (2022)
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C:INTEGRATIOMETHODS

C: INTEGRATION METHODS

C.1: NUMERICAL INTEGRATION METHODS
Integration methods are discussed for use in numerical solutions of pure radiation or cenmtuieed
problems. For radiative exchange, the integrals are affenction of two position variables, and
integration is over one droth For example, the configuration factdFqiigj from positionr; on
surface to positionrj on surfacg appears in the integral over surfa¢e obtainFgii; in the form [see
Equation(5.12) in the tex

Fo ()= Qdf 4(r,r)  FKir, r)dA (C.1)

Many ways can be used to numerically approximate an integral. Because the integrands in
radiative enclosure formulations are usually well behaved at the end pdoded numerical
integration forms are often used that include the end pdsnmethods do not include the end
points and can be used when grant values are indeterminate, such as for improper integrals that
yield finite values when integrated. In analyses including convection and/or conduction, the
numerical integration will usull use the grid spacing imposed by the differential terms. In some
situationsjt is enoughto use numerical integration methods that have regular grid spacing. However,
uneven spacings are often advantageous to place more points in regions where functions have large
variations, or to adequately follow irregular boundar&sussian quadraturean be used for variable
grid spacing. Simpler schemes such astthpezoidal ruleor Si mp s o Mmayshbe adeduae for
some problems. These often employ uniform grid spacing and are closed, whereas Gaussian
guadrature is open. The trapezoidal rule can readily be used aathuaiformgrid size. Textbooks
on numerical methods provide detailed presentations of the many available integration methods and
their relative accuracies, advantages, and disadvantages. Libraries of computer codes and
computational software packages have many suines for single or multidimensional numerical
integrations that can be applied directly.

C.1.1 TRAPEZOIDAL RULE

The trapezoidal ruleis a closed numerical integration method that can easily employ a variable
increment size. Consider the function in FigGx&, where an equal grid spacingog¥ is shown for

the integration range from to zv. In the trapezoidal rule each pair of adjacent points, suélx,g¥
andf(x,z+1), is connected by a straight line. Then the integral zamz + | is approximated by

AZi* f (X) + f'+ (X)
rz]J f(X, Z) dzo ( %+1 - F)%
This approximation can be made for each interval between grid points, so an irregular grid spacing

can be used. Fagually sized incrementhe sum over all intervals gives the approximation

A fcDae et (X & f(X 2 X 2)

CD)(E
N

Gl



C:INTEGRATION METHODS

flz) =f; (%)

X = constant

|
|
|
|
Zn ] Z z z,"l 1 Zn_1 EN

EXAMPLE.1

Using the ringo-ring configuration factor, evaluate the configuration factor from a ring element on the interior
of a right circular cylinder to the cylinder base for the geometry in FiQiavhenx = r Use the trapezoidal
rule and compare the result with the analytical solution.

dA 2

.-

‘—-—‘. X
|

FIGURE C.2 Geometry for configuration factor from ring element on interior of cylinder to ring element on
base.
The factor fromdAc to a ringdA: on the base surface is

2XR1+ X -R) dR

dF,, (X,R= (C3)
dl- d2 [(1+X2 +R2)2 4R2]3/2
where X = x/frandR="/r. For thisexample X=1, sofj(X= 1,R) for FigureC2is given by
2R (2- Ff)
— —
f,(X=LR) (1) W
whereR =jphRandnR= 1/N. Letting f,(X=1j B %,
_ 2jDR[2 ~(j B’] 2
L=0. {0 =TS gme - W@ 5
These terms are  substituted into Equation(C2), and for N = 5 vyields

F,,(X=1) X1/5[A/2 ® 0109794 0#8225 03451 0885 (1/2)+0.17889] 0.167¢
The exact configuration factor is in Appendix C of the text as

X*z +1
(X =1) :2—2 X X =X x_1
(X7 +1)2 r 2 2

which givesp, (x =1) =, (X &5) 0708 Larger numbers of increments improve the accuracy as
follows:
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N Faiio(X=1) % Error

5 0.16783 11.75
10 0.17007 10.44
50 0.17079 10.02
100 0.17081 10.006
200 0.17082 0

C.1.2 SIMPSONG RULE
The wusual Si mpsonds rule is obtained by passi:H
equally spaced increments the integral fpmo z + 2 is approximated by

HRICLECE TN

Because this uses twgw increments, the repeated application for a range with many grid points
requires arevennumber of increments (an odd number of points).NFequally spacethcrements
in FigureC.1, the result is

AN Dz
N @2 (5 41 2 44 o +dfy f) 4
Ifan odd numberaf ncr ement s must be used, Simpsonds rul

increments, and the trapezoidal rule used for the remaining increment.

If the curve in FigureC.1 goes through a sharp cusplike peak, it may not be accurate to apply
Simpsonés rule if the peak is at the central p
not accurately approxi mated by a pavoiacbeménisc cur
on each side of the peak. Care should be used in selecting a suitable integration scheme for each
application.

Higherorder approximations have been developed by passing a cubic curve through four
adjacent points, a fourthrder curve through five adjacent points, etc. These yieltlévgtonrCotes

closed integration formulas f whi ch the trapezoidal and Simps
cubic curve through four adjacent pointsiscaled mpsonés, second rul e
A,Zj+3 3DZ
n f(2dz ?( 81, 3fe fH) (C.5)
]

In most instances, the functions inside the integrals of the integral equations are complicated
algebraic quantities. This is because they involve a configuration factor. There is usually little chance
that an analytical solution can be found, so a nuraksglution is used. Consider the simultaneous
integral equations iEquationg6.13.1) and(6.13.2) of Example6.13 in the textWith T1(x) andTz(y)
specified, the right sides are known functionsahdy. Starting with Equatio6.13.1), a distribution
for go(y) is assumed as a first trial. Then the integration is carried out numerically for vaveduss
to yield qi(x) at thesex locations. Thisy(x) distribution is inserted into Equati@f.13.2) and agx(y)
distribution is determined. Thig(y) is used to compute a ney(x) from Equation6.13.2) and the
process is continued untfi(x) andgz(y) are no longer changing as the iterations proceed.

To perform the integrations in a computer solution, an accurate integration subroutine is required.
Many subroutines are available, and they may require functions sugtxgandag.(y) evaluatedat
many evenly or unevenly spaced values ofhandy-coordinates. The values can be obtained by
curve fitting thegi(x) andgq(y) after each iteration with standard subroutines such as cubic splines.
Theqi(x) andgz(y) are then interpolated at tk@ndy values called for by the integration subroutine.
A precaution should be noted. A quantity suchJasiFs k i may go through rapid changes in
magnitude because of the geometry involved in the configuration factor; for exafple, may
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decrease rapidly as the distance increases betgemnddA For small separation distances, there
can be a strong peak in the integration kernel. €aoeld betaken that the integration method is
accurate for the functions involved. The integration should be done on each side of a sharp peak and
not passed through it.

The Monte Carlo method @hapter D in the text can be used for evaluating integrals, and some
discussion of the methodology is given there.

Direct solvers for a set of simultaneous equations can also be used for integral equations. The
integrals are expressed in finidgéference form to provide a set of simultaneous equations for
theunknowns at each increment position as in Exargd?e

ExampleC2

For integralEquation (6.14.1) of Example6.14 of the text derive a set of simultaneous algebraic
equations to determineh(3) for| = 4. For simplicity, divide the length into four equal incremenis £

1) and use the trapezoidal rule for integration.

When Equatior{6.14.1) is applied at the end of the tube whese= 0, the relation is obtained:

&(0)-g;i(O)K(o 0) 3Kz o) 2@K(2 o)
+3(3)K(3 0) Fa(4)k(4 0N a= (5

The quantity in brackets is the trapezoidale approximation for the integral. The(lh - [x dr(h - [ld

is the algebraic expression within the braces of Equat®iv.2). The 1(0) terms in EquatiolC.6 are
grouped together to provide the first of Equati@i/. The other four equations are the finidifference
equations at the other incremental positions along the enclosure:

)g- 5K0) FLIKE 3@K() HIK(E) F3(K(E) a =
OK() H(@E KO) gHRKD 1E)KE) 5 HaK(E
) K () K(0) gLEKE ;HAKE
(@) 1K@ 3@KE M) K(O) g5 HIKE) o

Gz (O)K(4) 0z (DK(3) a(2K(2) ara(K(Y +a0z(4)d 5K(0)

&
o

NIRPNRNIRN| -

(O}

)
)

9z )

)
= = =
~ X
~

These equations are solved fhiat the five surface locations. From symmetry, and wjitbniform along
the enclosure, it is possible to simplify the solution for this example by dgitig- k(4) andd(1) = K(3).

Equations such as Equati¢@.7) are first solved for a moderate number of increments along the
surfaces. Then the increment size is reduced, and the solution is repeated. This is continued until
sufficiently accuratel(s) values are obtained. Equatiofd7) use the trapezoidal rule as a simple
numerical approximation to the integrals. More accurate numerical integration schemes can be used,
which may reduce the number of increments requiredrioughaccuracy.

Example C.2 has only one integral equation. For the situation with two integral equations in
Equationg(6.13.1) and (6.13.2) of text Example6.13, eachsurface can be divided into increments
and equations written at each incremental location. This yiedtlaultaneous equations for the total
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of N positions on both plates that are solved simultaneously fanthgandagx(r2). This procedure is
an alternative to the iterative solution described previously. The solver for the system of simultaneous
equations may work by iteration.

C.1.30THER NUMERICAL INTEGRATION METHODS

Additional numerical integration techniques include Romberg integration, in which the trapezoidal
rule is utilized. The integration is performed with a small number of increments and is then repeated
for twice the number of increments by adding the coutidims from the additional points, four times

the number of increments, etc. The sequence of integration results is extrapolated to an improved
result using Richardson extrapolation [see Press et &2)[1Theprocess is continued until desired
convergence accuracy is achieved in the extrapolated result.

Gaussian integration is very useful; this is an open integration method using an array of
unevenly spaced points. The uneven points can be positioned between a fixed grid of evenly or
variably spaced points. This can be done by curve fitting, such adlrysplines, for the individual
portions of the curve between the fixed grid points. Values of the integrand at positions between the
grid points for use in the Gaussian method are interpolated using the spline coefficients.

Many numerical integration subroutines have been written for computer use and the software
can be readily applied. Cunfiting software routines are available that can be used in conjunction
with Gaussian or other techniques, requiring interpolatiorbtailo unevenly spaced values of the
function being integrated. Some subroutines perform multidimensional integrations. Computational
software packages for mathematics provide numerical integration using, for example, Romberg
i ntegrati on, dS&adaptyesnetmdsssingularaed,infinitenend points are also treated.

Fan et al. (2019) examine fast algorithms for solving the steadyrgtgeal form of thdRTE based
on fast Fourier transforms for homogeneous media and a recursive skeletofi@etorzation
technique for inhomogeneous media. They show that a unique solution to the RTE exists and provide
sample solutions for isotropic and anisotropic scaein 2- and 3D Zhou et al. (2020) propose
methods to subtract singularities in integrated forms of the RTE for use in analytical and numerical
solutions.

C.2: ANALYTICAL INTEGRATION METHODS FOR ENCLOSURES

The unknown walknergyfluxes or temperatures along the surfaces of an enclosure are found from
solutions of single or simultaneous integral equations. The integral equations in the formulations up
to now are linear; that is, the unknows, or T variables always appear to the first power (note that
T*is the linear variable rather thah For linear integral equations, there are various numerical and
analytical solution methods; these are discussed in mathematics texts.

For some simple geometries and special conditions, the integral equations describing radiative
transfer among surfaces may be solved analytically. Such solutions are usually limited to single
surface or twesurface enclosures, so are not described hetetail.

If the kernel of the integral equationseparablethat is,K(rj,r«) = Fj(rj)F(rx), thenri(r) may be
removed from the integral oveg possibly simplifying analytical or numerical integration. However,
the kernel in radiation problems usuallynist separable. The general theory of solution of integral
equations using separable kernels is in Hildebrand (1992) and an application using a separable
exponential approximation to the kernel (Usiskin and Siegel 1960), allowing reduction of the integral
equaiton to a differential equation, is in Buckley (1927, 1928).
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Thevariational methodHildebrand 1992) may be applied if the kernedysnmetri¢that is,K(s;d)
= K(d,3). This approach has been used for radiation in a cylindrical tube (Usiskin and Siegel 1960)
and for radiative exchange between infinitely long parallel plates of finite width (Sparrow 1960).

An approximate solution may be obtained througfaglor series expansio(Krishnan and

Sundaram 1960, Perlmutter and Siegel 1963), which works well if the kér(iel - [} decays

rapidly asa1 dincreases as for the cylindrical geometry illustrateBigure6.14 The integrand of
the integral equations then becomes a series that may be truncated after a few terms and then
integrated term by term, reducing the integral equation to a differential equation. Applications are in
Choi and Churchill (1985) and Qiaoadt (2000).

Themethod of Ambartsumiazan be applied if the temperaturesmiergyflux boundary conditions
can be approximately described by an exponential variation or a sum of exponentials, allowing
transformation of the integral equation into an initial value problem (Ambartsumian 1942,
Kourganoff 1963, Crosbie and Sawheny 1974 5)97

The problem of finding the intensity leaving a circular opening in a spherical cavity exposed to
external uniformenergy flux incident on elementA;, ge(dA2), and with a prescribed internal
temperature distributio(dAs) on the cavity surface has been solved analytiqdiikob 1957,
Sparrow and Jonsson 1962). If the internal surface of the cavity has emigsility the intensity
leaving an elemerdAs* through the cavity opening indirectionis found to be

15,1' 66~ 4 ~, ]
A WAl 3*(dA)d dA) d
(o] - M) £ i (R) pEpre d1° VD THWA
p p 1- (1 - )& /4 Rp (©8)

All these analytical methods become intractable when multiple surfaces are present, and numerical
solution techniques are almost always required for more realistic cases.

C.2.1EXACT SOLUTION OF INTEGRAL EQUATION FOR RADIATION FROM A SPHERICAL CAVITY

Radiation from a spherical cavity as in Fig@@&a was analyzed by Jakob (1957) and Sparrow and
Jonsson (1962). The spherical shape leads to a relatively simple h#ggadion solution because

there is an especially simple configuration factor between elements on the inside of a sphere. For the
two differential elementsA anddAc in FigureC.3b,

(Woo] (2:osqd'Ak

dFdj_ dk — (Cg)

Since the sphere radius is normal to bd#h and dA the distance between these elements is
S=2Rcod] = 2Rcogk. Then, Equatioil€.9 becomes

_ dA _dA

dj- dk _W -E (C.10

where As is the surface area of the entire spheredAf exchanges with the finite area, then
Equation(C.10) becomes

_ 1 ~ _ A A
o e 15 e A (c13
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Equation(C.11) is independenof dA, sodA can be replaced by any finite argdo give

A A
=5 T C.12
Theconfiguration factor from any area to any area is simply the fraction of the total sphetteafirea
thereceivingarea occupies.

j-k

y 1(dAY)

(b) —
Figure C.3 Geometry for radiation within spherical cavity, (a) spherical cavity with diffuse entering
radiationge and with surface at variable temperattr@nd (b) area elements on spherical surface.

Consider the spherical cavity in FiguBe3a with a temperature distributiom(dA;) and a total
surface aredi. The spherical cap that would cover the cavity opening hasfaréssume there is
diffuse radiative fluxge (per unit area of\2) entering through the cavity opening; thecan vary over
Ao. It is desired to compute the radiation intensli(ViA*) leaving the cavity at a specified location
and in a specified direction, as shown by the arrow in FiGuB&a The desired intensity results from

the diffuse flux leavingdA® and equals),(dA)/p. The J(dA) is found by applyingEquation
(6.38):
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3(08)- (- Bp(08) dFy (- )- offd oL o Helk (€19

A A

and an exact solution will be found. TRdactors from Equatio C.9) are substituted to give

2,(di)- Z}Rfﬁll( dA) dA _411 e ®afjon da + etk di (C.14
A )

To solve EquatiorfC.14), a trial squtionJl(dA*) = f( dAS*\) +C is assumed, wheré(dA') is an
unknown function of the location @fA’, andC is a constant. Substituting into Equat{@l14) gives

(05)oe effitm e 3 B g o o o 3 <19

From the two terms that are functions of local positib(udA’f) = e '@“(dé). The remaining terms

are equated to determige This gives the desired result as an exact solution:

‘ 1el- e e~ ~
3(08) e &(dA) ppre 8 3'(dA) A+ i dA) dA

p p 1- (1 - 1pA/4 Rp
C.3 NUMERICAL SOLUTION METHODS FOR NONLINEAR EQUATIONS

| (dA;) = (C.16)

Most nonlinear equations for mixedode problems with radiation can be cast in the form
A @8 +B B G| (C17)

It is important to examine the relative values of the elem&ngndB;. If the Aj are comparatively
large, the problem can be treated as lineaq;inonversely, for larg8j, the problem can be treated

as linear ian‘. When the coefficientd andB are approximately equal, other treatments are in order.

If we define AT =A +B >, Equation(C.17) becomes
h @ B BIGEAE B 1g 38 fa [J (C19

This is a set of linear algebraic equations with coefﬁcieﬁtsthat are variable and nonlinear. The

equations cannot be solved by elimination or direct matrix inversion, beiteusge are temperature
dependent and thus are not known. Some numerical solution methods are now discussed.

C23.13UCCESSNEBSTITUTIOMETHODS
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C3.1.1 Simple Successive Substitution (SSS)
A simple solution method is to assume an initial set of temperaﬂ.ﬂ?ésand use them to compute

gAT (J(,-O)) : This provides values for the elements in the matrix of coefficients, leaving the

temperature vectok] as the unknown. Equatid.18) is then solved for a new set of temperatures

& ") from

A (97) g4 gl ©19

This process is continued until the difference between successive temperature sets is less than an
acceptable error, indicating convergence. A difficulty is that this method depends on an accurate
initial guess for §j]. An inaccurate guess can lead to unstable iterations that may diverge riapidly.

an extended discussion of some of the pitfalls of SSS, see Howell (2017).

C3.1.2 Successive Underrelaxation

The simple successive substitution (SSS) method can be modified to obtain convergence in many
cases if Equatio(C.17) is written as

A (0,7) g gkl ©29
where the; (Ji(”)) are computed at each iteration by using a modified temperature

J® =4" @+ )" (C.21)

The Uis a weighting coefficient, orelaxation parameterin the range @ UO1. WhenU= 1, the
successive underrelaxation (SUR) method reduces to SSS;Uhdn the new guess is weighted
toward the previous guess (i.e., underrelaxed), and oscillations between iterations are damped. If
possible, théJshould be chosen or found that provides optimized convergence. Decigasinagly
provides slower convergence, but greater assurance that convergence will occur. Sometimes
decreasindJsomewhat will increase convergence by reducing oscillatory behavior. ValuéOod

are reported by Coetal. (1982) tooftenprovide rapid convergence.

C3.1.3 Regulated Successive Underrelaxation

Cort etal. (1982) proposed a method of regulated successive underrelaxation (RSUR) that allows the
underrelaxation factddto be chosen and modified for successive iterations. They recommend the
following: (1) Initialize U= 1; (2) solve EquatiofC.21) for Jﬁ(”) (for the first iteration, an initial guess

3( must be provided); (3) solve Equati®.20) for 37*; (4) calculate
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1/2

eN 2]
N :éa ( Erjl) %n))ﬁ g (C22)
i H
o SN n4) )2 1/@2
R™ =é5 ( j ) N (C23
€= H

and if v > v or if V™D > (1/3RM™D, reduceUby 0.1; and (5) repeat steps (2) through (4) until
convergence.

Equation(C.22) checks for divergence of the solution between iterations, and Eqy&ti2s) is
used to see whether the residual error after each iteration is smaller than a measure efnd@¥oot
square temperature over the region of the solution. The latter check eliminates slowly oscillating but
converging solutions that pass the test ofdiigun (C.22) but converge very slowly.

Another approach is to rewrite Equati@17) in the form

N Y
A 4B (0Y) & Fa e B( ) 8p (€29
j=1

wherelij is the Kronecker delta. An initial set of temperaturfsis guessed, anD; is evaluated
based on this set. Then th@ are found by iterative solution of Equati¢@.24) and are used to

evaluate the next set 8f This process is repeated to solve f5k until convergence. Tan (1989)
points out that, for a given value ipfEquation(C.24) is a quartic equation with a single real positive

rootJd™ given by
2 -
Ji(n+1) _yll P ]J22 (C25)
2 (p-1)"° 4
o 2
& 4D 0 2r
h =24 + . &, =
where p gé By 9 7 (s+07%° «s 9"(s }° (st} 4
2 2, e 31}525
andr=1g‘egi 8 s =’ 23 &

Thus, for each set @, theJ™ can be found directly from the nonlinear Equati6t24) rather than

by an inner iteration and then can be used to evaluat®namd continue to the next main iteration.

This method is quite fast and can be combined with the SUR technique to determine succeeding
approximations to provide a method thabath stable and fast.

C3.2NEWTONRAPHSONBASEOMETHODS FARONLINEARROBLEMS

C3.2.1 ModifiedNewtorzcRaphson
A modified Newtofi Raphson (MNR) method is in Ness (1959) for the class of nonlinear problems
encountered here. Starting from Equai(Gri7),
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eA dig B &I ge] O (C26)

an initial approximate temperatur€ is guessed at each node. A correction fagtsrthen computed
so thatJ; = (J?i # This < is used to compute a nelly and this process is continued uril
becomes smaller than a specified value. {jlage found by solving the set of linear equations:

[l B o= (C27)
where
f =6N1'_1 AP B( ) fe (C28)
and
fi=A «g( Q) (C29

The MNR method may naonverge if a poor initial temperature set is chosen.

7.5.3.2.2 Accelerated NewtqQRaphson
Cort etal. (1982) proposed a method in which the amount of changaimach iteration is adjusted
to accelerate convergence. They recommended thtiththe MNR method be replaced by

£ =A 4&( g?})“‘ ’ 0 (C.30)
[1- ( B3)]

This effectively modifies the slope of the changes;iwith respect to iteration number compared
with that used in the MNR method. Fbr= 0, the accelerated NewfidRaphson (ANR) method
reduces to MNR. Ib is too large, oscillations and divergence between iterations may occlr=For
0.175, the number of iterations to provide a given accuracy for a particular problem was reduced from
28 using MNR to 12 using ANR, and reductions in computer time of up to 80% were obtained. A
starting value ob = 0.15 is recommended by Cortadt

7.5.3.3APPLICATIONS OF WBVERICAMETHODS

Results using thpreviousmethods were compared in Cortagt (1982) for some typical radiatibn
conduction problems with temperattdependent properties and internal energy generation.
Consideration was limited to surfaces with radiative exchanges to black surroundings a¢ a sing
temperature, and the solutions were by finite elements. Because the example problems in this section
showed that even complicated radiatioonductioficonvection problems with multiple surfaces
reduce to the same general forfnEmuations(C.17), the conclusions probably apply to a broader
class of problems than was studied. In Costello and Shrenk (1966), a linearized solution is proposed
that speeds convergence over the MNR method. For problems that are either conduction or radiation
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dominated or where both modes are important, the method performed well, providing-afféetor
improvement in solution speed. It was found that the SUR method gave convergence with the fewest
iterations and the least computer time; RSUR was usefutdaliie optimum value of the relaxation
parametetJfor use in the SUR method. For the NevitBaphson method, ANR was always faster

than MNR, but neither method was as fast as SUR.

In Howell (1992 2017, the convergence ranges and behavior of equations of the form of
EquationgC.17) are discussed, and the various solution methods of this chapter are examined.
Nonlinear equations of this type can have behavior characterized by bifurcations andfchaos
successive iteratiorso that steady solutions carried out by SSS, SUR, etc., may not converge. This
is true whether the equations are cast as radidbomnated or firsbrder temperaturdominated or
the equations used are in mixéam such as EquatiofCC.18). Decreasing the relaxation factor
extends the range of convergence, but often will not yield a solution for some ranges of parameters
without unacceptable computer time. For conduétiadiation problems, bifurcatiochaos behavior
results from the numeral method chosen and the equation form and does not imply that multiple
physical solutions can exist. However, when there is coupling between radiation and the flow field,
as in combined radiation and free convection, muliybigsical steadygtate solutions may exist. The
particular flow configuration reached @asteady statanalysismay depend on the initial conditions
chosen and the set of velocity and temperature fields that are traversed in reaching steady state. In
some cases, no steady solution is reached; it may be possible to solve for thetateasblution by
using a fullytransient solution that proceeds to the final steady state from physically specified initial
conditions.

Numerical solution techniques for steastpte and transient combinetbde problems with
surfacé surface radiative exchange are examined and discussed by Hogan and Gartling (2008). Three
techniques that sequentially solfiee radiative transfer followed by solution of the energy equation
with a radiative source term are compared with a fully coupled solution. For the two example
problems studied, the fully coupled method always produced the most accurate solution, although
exeation time made it unattractfor very large problems. A sesimplicit technique with a Newton
type of update appeared to be the best choice for very large problems.

The finite-difference and finiteelement numerical procedures that have been described used
radiative enclosure theory with finite or infinitesimal areas to obtain a set of simultaneous equations
with configuration factors for radiative exchange betweefasa areas. Convection was specified in
terms of @ energytransfer coefficient for each area; for example, for radiation exchange inside a tube
with a flowing transparent gas, tlemergytransfer coefficient inside the tube is obtained from
available results from tube flow analyses or experimental correlations. For some situations,
howeverconvection is quite dependent on the surface temperatures, such as for free convection, or
the gemnetry is complex so that convectigaergytransfer correlations are not available with desired
accuracy. In these cases, asaly have been made where convection is solved simultaneously with
radiation as the flow and surface temperatures are strongly coupled; conduction may also be included,
such as for free convection and radiation from a cooling fin as discussed in SetiBwi the book
To solve for the convectioenergytransfer, the methods of computational fluid mechanics are used.
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Another consideration is that the analysis may not use configuration factors. The radiative exchange
in an enclosure can be computed directly by atraging technique such asMonte Carlo method
(Section 10.®f the boolk. This may be necessary if the surfaces are not diffuse so that configuration
factors do not apply. The discrete ordinates method, discussgetiion 10.3was developed for
enclosures filled with a medium that is not transparent, but rather absorbs, emits, and scatters
radiation. If adiative participation by the medium is omitted, the method can be applied to enclosures
containing a transparent medium such as a convettingparengas. In this method, the angular
directions from each surface element are divided into a finite number, and radiation is followed along
these discrete directions to evaluate the radiative exchange. In dar{1&98), discrete ordinates
are used in combation with the SIMPLE computer algorithms developed for computational fluid
mechanics (Patankar 1980)simultaneously solve the mass, momentum, and energy equations along
with radiation transfer between surfaces.

For natural convection combined with radiatiomgnycomputational methods have been used for
simultaneously solving the fluid flow and energy equations with radiative exchange. In Zlao et
(1992), free convection and radiation were analyzed for heated cylinders in a rectangular enclosure.
In Dehghan an@ehnia (1996), net radiation enclosure analysis was used for the radiative transfer,
and the flow and energy equations were placed in fdifference form and solved with a pseudo
transient method tonalyze free convection in a cavity with a local heated area on one vertical wall.

A vented cavity with a discretenergysource was analyzed by Yu and Joshi (1999) using the
numerical methods from Patankar (1980); this study included combined radiation exchange,
conduction, and natural convection, with the gas in the cavity being transparent. Free convection of
transparentir in a heated vertical channel with one or more vents in one wall was analyzed by
Moutsoglou etl. (1992). The flow and energy equeis were solved by using fini#ifference
computational methods as developed by Patankar and Spalding (1972) and van Doormall and Raithby
(1983).
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RADIATION COMBINED WITH CONDUCTION

First, mnsidertheboundary conditions for the limiting situation of radiation being dominant so that
conduction and convection effects are negl ect e
occursat a solid boundarySection 10.2)When conduction and/or convection are present, the
temperature is continuous at the boundaries, although the tempeyatdientis generally not. For

very small conduction and/or convection relative to radiation, the temperature gradients may be steep
near a wall and the solutioparoaches the temperature jump condition. In this section, conduction

is included with radiationThe addition of convection is in subsequent sections.

There are several cases where energy is transferred within a translucent medium by only radiation
and conduction. These usually involve solid or highly viscous media, so convection in the medium is
not important. Glass can absorb significant amounts @dtiad in certain wavelength regions (see
Figure 4.11 and Section 8.6). At elevated temperatures, there can be appreciable emission within
glass. Glass is optically dense in the infrared region, and absorption and emission require
consideration of radiate/transport.

Radiation can be a significant part of the energy transfer in shields for atmosphemnicyref
spacecraft, fibrous insulation materials, foam insulations, -tegiperature porous insulating
materials, silica aerogels, g#sidized beds, and radiatieimduced curing of thermoset filament
wound composites.

Throughout this section, the theory is for materials wiéhl, such as a radiating gas in a chamber
or a gas containing suspended patrticles in a furnace or a hot exhaust plume. The effects of larger
refractive index are considered in Chapter 11 for glass windows, translucent ceramic coatings, thin
films, and otheapplications.

ENERGBALANCE

For combined radiation and conduction in an absoirl@natting and scattering medium, the energy
Equation (9.2) is used. This is solved subject to the boundary conditions to obtain the temperature
distribution in the mediunenergyflows can then be found. Omitting convection, viscous dissipation,
and volume expansion terms, Equation (9.2) becomes

rcﬂ- - BKOT &) - 4 (D.1)

If then q is substituted from Equation @, the local energy balance is

o]

bl = goTon & [ @M FIE WE)G F 2

| 8 € W=

Thefinal radiation absorption term in EquatigD.2) depend on both the local temperature and on
the surrounding radiation field
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PLANELAYER WITIONDUCTION ANBADIATION

Absorbing EmittingGrayMedium without Scattering
A layer of translucent conductingadiating medium is between parallel black walls at temperatures
T, and T, as in Figurel0.3. The medium is gray and has a constant thermal condudtiaitgd a
constant absorption coefficiest The steady energy transfer relations will be developed without
scattering.

For 1D energyconduction and constakf then gnT) reduces tdk(d?T/dx¥), andn @ becomes
do x/dx. The temperature distribution is stea@/Q = 0, and there is no internahergygeneration,

d=0. Then, withU= ax, Equation D.2) reduces to

2
i 8T i (1)

D.3
dt? dt (03

For a plane layer with diffusgray boundariesig/dUis given by Equation (94). For black walls,
the boundary fluxes are; = ST14/ and J; = ST24/ . For zero scattering in a gray medium,

E(t) = &'( )/t from Equation (9.2). Then Equationly.3) becomes, witt} = aD,

2 to
kkitz =2T865() 2 BR6o )t2f M(-9)E(s *Jtd* 4t} (©9
t* &
The boundary conditions far are T(U =) & T1 and T(=aD = () = T». Define the dimensionless
quantities~ = T/T1, =2 = To/T1, andNcr = ka/40T:3 to give

1€ . o,
JOt 2eéEz( ) t5E{ b )2 t( WE( I *d> (D.5)

t* &

d23() _

NCR dtz

This is the energy equation fef(J; the boundary conditions a#€0) =1 and«(($) = -2. The solution
depends on the paramet®li, (b, and«».
The conductiofiradiation parameter(or Starknumber sometimesiso called theéStefan numbégr

Nert k K4 Efor a nonscattering mediursbased on thgh temperature. ThEcrdoesnotdirectly

give the relative values of conduction to emission because the ratio of these values depends on both
temperature difference and absolute temperature level. When scattering is inclubtied jricides

the scattering coefficient to becongr * k( k +)&1 Tfand the source term relation is modified.

The combined radiation and conduction energy transfer across the translucent layer can be obtained
from the temperature distribution. From energy conservatjis jndependent of locatiodfor the

conditions considered whe@=0, so the evaluation fay can be done at arijlocation. Equation

(9.24) gives the net radiativenergyflux in terms of the temperature distribution across a gray gas
between black walls. This radiative flux relation was obtained for conveniefibeGtin addition,
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at the same location, there is now a conductionifk(®@T/dX)|x= o= T ka(dT/dJ|xo, SO theenergyflux
relation becomes, in terms of the unknown temperature distribution,

a= « K Ts2 BEEo) 2ff THH E Y o ©.9
t 8 0

On the right, the first term is the conduction away from wall 1 by the medium, the second is the
radiation leaving black wall 1, the third is the radiation leaving wall 2 that is then attenuated by the
translucent medium and reaches wall 1, and the lamstigethe radiation from the medium to wall

In dimensionless form,

tp

e
9= aNee & 3 2€ 1E0) L] HOORCI 0.7)

t* &

Conduction-radiation
parameter
Neg

0.8 >0

TIT,

0.6

0.4

Dimensionless temperature, 9

0.2

0 012 O:-l- Ol‘ﬁ O‘.S l:O

Relative optical depth, t/tp
Figure D.1 Dimensionless temperature distribution in gray gas between infinite parallel black plates
with conduction and radiation. Plate temperature ratie 0.1; optical spacindgd = 1.0. (From
Viskanta, R. and Grosh, R.J.,Heat Trans 84(1), 63, 1962h.)

AbsorbingEmitting Medium with Scattering

Scattering is now added to the absorbing and emitting plane layerengtlyyconduction. The
medium is grayand scattering is isotropic. Scattering is conveniently included by using the radiative
source function. For isotropic scattering the phase fundii® q) = 1, so for gray properties
Equation(9.10) applies, and wittJ= (s + 0s)x the energy EquatiorD(1) becomes

d’T

(- We gy g i
ko' o == P& E() tiE)p (D.8)

The pf-:_( } is found by using the integral Equation @).Ihat gives, for a plane layer with black
boundaries at uniform temperatuasandTa,
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-

pHY) (& )} W(s VEV THE () +TAE( o t) - %E@%E%*t g t (D.9)

CD>(D~"$

Equations D.4) and D.6) are paced in dimensionless form by using the same quantities as in
Equation(D.5) and by usingoﬁ 3,* as a dimensionless source function. Thg = k(a + $/4 T8

includes the scattering coefficient, and the scattering albed@® an additional parameter. The
boundary conditions are the same as given after EQU&tih The solution is obtained by numerical
integration and iteration, and results are in Viskanta (1965).

Py METHOD FORADIATIONCOMBINED WITKZONDUCTION

The Py method provides an expression for the local radiative source thiffieientialin form and

can be incorporated into the energy equation in differential form that includes convection and/or
conduction. Thd’y method thus can fit into whatever grid size is used for numerically solving the
energy equation. The procedure for a combined radiation and conduction solution is in the following
example.

Example 10.6

A plane layer of radiating and isotropically scattering medium with constant thermal condudtjvitpnstant radiative
properties, optical thickness,, and albedavis between infinite parallel diffusgray walls of emissivityk, at temperaturesTy;
and Ty2. The medium has a uniform internahergysourced. Derive the relations needed to obtain thenergyflux to each
bounding wall and the temperature distribution in the medium using thegproximation.
With conduction, radiation, and internanergygeneration, the energy Equatio10.2) isD & ™ g7) g +0 or, using a
summation form for the radiation and conduction fluxes,
3 l,lq 3 qc
= = (D.11)
al LR
For the present 1D problem, singe= Y, wherel® is the first moment of the intensity, the energy equation can be put in the
dimensionless form
di® d3 .S

dt, Tdt o, (0-12)

whereNcg = k(k 2535 S= qI34
4sTur ST

This is the defining equation for the derivativei8f In the pureradiation solution of Example 10.2 without interneergy
sources, the derivative of the first moment in Equation (10.6.2) was set equal to zero, because for these conditions

% kot € k90, 00=197 34 ands =,

1

|~@ :qr/ 3'\,3] is constant annﬂf(l)/dtl 9. This is not the case here with conduction and an inteenatgysource included. The
presence of a second derivative of dimensionless temperature requires two boundary conditions for solving the energy
equation:«(t;=0) = land «(t 1 =t p) =Twa/ Twa.

To proceed with the solution, two coupled seceadier differential equations are derived fof?’ andi ® (the nondimensional
intensity integrated over all solid angles and the radiative flux). The first is obtained by equating Equation (10.6h#&)fasd t
moment differential Equation (10.6.2) in th& method. For 1D, thigives

AN d®d . S 4 o) (D.13)
1- wdit o )- w
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wherel 0 =10y §'ﬁ1. Thesecond equation is found by substituting the closure equation (Equation (10.44)) into the second
moment differential equation (Equation (10.46)) to obtain the relation betwe®randi ®:

di® _}df(o) - W

= D.14
dt; 3 dt ( )
Now, Equation}.14) is differentiated with respect tb;, and the result is substituted into Equatidb.{L2) to give
a4 d3 33
———+12Neg—— +— © D.15
dt? Rdi ot (D-15)

Equations D.13) and D.15) can be solved simultaneously fof® and g . They can be combined into a single foudider
equation int by differentiating Equation¥.13) twice with respect t@; and the result is substituted into EquatioB.(L5) to
eliminate the second derivative ¢f%. The resulting fourtrorder equation, or the two secondrder equations, requires two
boundary conditions in addition to the known boundary surface temperatures. These are generated from Equation (10.47) using
Equation £0.29) to eliminateJ which results in

1~ al 1 &
J09) Eas S (10 =
¢ N (D.16)
1-~ al 1 §
ACRO R S ST
or
lio- 3 81 1
=4 . (D.17)

where thei subscript denotes walls 1 or 2 and the positive sign applies ati wéll Inserting EquatiorD(14) to eliminatel @
results in the final boundary relations fof:

agi© o 3 .

i e - A B :

&ty i§ 41 16 (b-18)
&, 29

These can be directly applied as theundary conditions for Equatio(15). The problem is completely specified with two
secondorder differential Equationd).13) and D.15) and the four boundary conditions, the specified boundary temperatures
for Equation D.13), and the conditions € 1, 2) in Equatior)(.18) for Equation[).15). An iterative numerical solution can be
used to obtainJ( t) and ﬂ(o)( X Thenﬂ(]) at the boundariesi 1, 2) is found from EquationB.(L6), which gives thdesired

radiative fluxes at the boundaries.
The total energy transfer also requires the amounteofergy conduction. Since the temperature distribution has been
determined, this can be found by evaluatibkdT dx at the boundaries.

Diffusion Method for Combined Radiation and Conduction

This approximate method solves the energy equation with the coupled energy transfers by conduction
and radiation; radiative diffusion is included simultaneously with diffusioarn®rgyconduction. As

shown in the derivation in Section 10.2, the diffusemergyflux relation for radiative transfer has

the same form as the Fourier conduction law. By using the Rosseland mean attenuation coefficient
defined in Equation (10.27), the radiatiftex vector for an absorbing, emitting, and isotropically
scattering medium can be written from Equation (10.26) as
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4 16sT2
EB —

D.10
B 3k (D.10

ar =

wherebr can be a function of position. Then, the local energy flux vector by combined radiation and
conduction is

al6sT? o}
q=0d, ¥ =g, — k3T (D.11)
Q 3:)R -

This can be used in energy Equat{®ril). For example, in 2D rectangular coordinates, with internal
energysources, the transient energy equation is

T 416 T8 OT o 8 T° TO
rcpu— _ﬁueiléaei ke r--ﬁ“fJ# e X +-4 Eﬁxﬂ) (D.12
Mt Kec 3 rb =XMWY ﬁg R b y: W

The energy transfer isow analogougo energyconduction, with a effectivethermal conductivity
3 3

géLGS—T+ k that depends on temperature.

¢ r

To obtain the temperature distribution in the medium, an equation such as E¢Dé&t®ris solved
subject to the initial and boundary conditions. The boundary conditions would often be specified
temperatures of the enclosure surfaces. However, as discussed earlier, near a boundary the diffusion
approximation may not be accurate as the remtias notnear isotropic.

For pure radiation, a temperature jump was introduced to join the diffusion solution in the medium
to the wall temperature. For combined condudtradiation, a similar concept was introduced by
Goldstein and Howell (1968) and Howell and Goldstein (19B9)using asymptotic expansions to
match linearized solutions for intensity, flux, and temperature near the wall with the diffusion solution
for these quantities far from the wall, an effective jump condition was derived. As shown in Figure
10.18,the jumpgives the boundary conditioF(x Y 0) that the diffusion solution must have if the
diffusion solution is to extend to the wall. The jump is given in terms of the jump coeffyGiastich

is a function only of the conductibradiation parameteNcg =k B4 B . In terms of quantities at
wall 1,y1is given by
sgnt -TH(x -0) .

Y1 (D.13
Qr,l

where
g, 1is the radiative flux at the boundary as evaluated by the diffusion approximation
T.1 is the wall temperature

T(x Y 0) is the extrapolated temperatinethe mediunat the wall, which is the effective jump
temperature to be used in the diffusion solution

They 1 is computed from the relations of Goldstein and Howell as
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(D.14)

For largelNcr, the jump effect can be neglectedeasrgyconduction dominates over radiation effects

near the wall.

Ty

Effective
temperature
jump

T(x—0)-23

Exact solution for temperature
profile in the medium

N ~._ T
T

T —

Extrapolated diffusion ™
solution for T(x)

Figure D.2 Use of effective temperature jump as boundary condition for diffusion solution in

combined conduction and radiation.
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Figure D.3 Temperature jump coefficient for combined condudtradiation solutions by the
diffusion method. (From Goldstein, M.E. and Howell, J.R., Boundary conditions for the diffusion
solution of coupled conductierdiation problems, NASA TN 618, 1968 (fot)= 1); Larsen, M.

E., Use of contact resistance algorithm to implement jump boundary conditions for the radiation
diffusion approximationProceedings oHT2005: 2005 ASME Summer Heat Trans Conference,
Paper HT200672561, San Francisco, CA, July, 2005 [ftir 1].)

Larsen (2005) extended the conduction/radiation slip condition to boundary conditions for gray
opaque surfaces by numerically solving a range of conduction/radiation cases using thethode
(Section10.4)and determining the slip condition that results. The numerical prediction$=fdr
agree well with the analytical solution of Equati@14). The resulting slip coefficier versusN:
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from the analytical solution of Goldstein and Howell for black walls and for gray boundary emissivity
from Larsen is shown in Figui@.3.

The combinedmode diffusion solution yields the temperature distribution in the medium. Th
result is

(D.15)

1 J()t Mer@l o Pgt /4 +yy
1- 4 3NCR(1 2)3 Apld +1y %

Temperature profiles are in Figube4. ForNcr Y 0 andNcr Y D, the diffusiorijump method goes

to the correct limiting solutions. The diffusion method provides accurate temperature distributions
when the layer is optically thick and there is sufficienergyconduction to minimize temperature
jump effects at the boundaries.

Within their limits of applicability, diffusion methods provide a useful interpretation of the
conductiofiradiation parameter. The ratio of molecular conductivity to radiative conductivity is
K/(160T 3/3bg) = (3/4)Kbr/40T 3) = (3/4Ncr. Therefore, in the diffusion limif\cris a direct measure
of theconduction/radiatiomonductivity ratio and consequently in this limit is also a direct measure

of the ratio of the energy transferred by conduction and radiation.
1.0+

& -
| <
=~ £ 0.8
il g
£ 1
&, = 0.6 4
& 2
z =
= b=
g g 04
E g
= = =10 .
Z 2 02 Nep=0.02916
g =
-:-é G
E T T T T T T T T T T
= 0 0.2 0.4 0.6 0.8 1.0 0 02 04 06 08 1.0
(a) Relative optical depth, /1 (b) Relative optical depth, T/Tp
‘ Exact numerical solution ——-- Diffusion-jump approximation ‘

Figure D.4 Comparison of temperature profile by exact solution with diffugimnp approximation.
Wall temperature ratid>/T: = 0.5; wall emissivities] = 3 = 1.0. (a) Optical thickneds = 1; (b)
optical thicknes€) = 10, conductiofradiation parameteXlcgr = 0.02916. (From Viskanta, R. and
Grosh, R.J.Int. J. Heat Mass Transb, 729, 1962a.)

The Rosseland mean attenuation coefficient for the entire rangehafuld not be used as the criterion for
optical thickness. It may have a large value, but the spectral attenuation coefficient may be small in certain
spectral regions that allow significant radiant transmission. The use of Rosseland mean coeffictaehmay
lead to large errors. An approach for the optically thick regions is to define the wavelength bands in which the
spectral attenuation coefficient is everywhere large and evaluatesalRad mean for each of these spectral
regions.
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COMBINED RADIATION, CONDUCTION, AND CONVECTION

The laminar boundary layer including radiative transfer using the optically thin and thick
approximations is a good illustration (Figudes). The flowing medium absorbs and emits radiation,

but scattering is not included; the wallTatis black.
Gy Outer flow region

i e

e L _ Inner boundary
; u T'(x, y) 8 Layer region

72877777/ /7777

(constant), heg =1

Figure D.5Boundary layer flow over a flat plate, with freream velocityuo.

OPTICALLYHINTHERMAIBOUNDARYAYER

To analyze laminaflow energytransfer on a flat plate, an expression is needed for the radiative
source terni Qy, /& in the energy equation. Within the boundary layer, it is assumed that the thermal
conditions are changing slowly enough in thdirection, as compared with tlyedirection, so the
conditions contributing tqy, y at a specifix, sayx’, are all at thax” and hence are at the temperature
distribution T(x*, y). ThenQy, ,/Qy can be evaluated using ¥brms ofrelations such as Equations
(D.2) and O.3). Foronly one bounding wall in EquatioD®(2), there is only &1 term, and the upper

limit of the integral is extended to infinity. Also, ti€'(() is replaced by*(x, ) to emphasize the
approximation for the radiation term that the temperatures surrounding any positierall assumed
atT(x = x*,y). Then, for flow over a black wall, the laminar boundary layer energy equatid(xfor

y) becomes, with the addition of the radiative energy terms,

rce

< =
- O: O

vO?émo
®|E
;

é o}
kwm 4- Tk 2 gr‘ Bs) T ) § t) ¢ (©19

whereU= ay and there is no scattering angis the specific heat of the gas.

The temperature field is considered as composed of two regions. Near the wall in the usual thermal
boundary layer of thicknes$ that would be present in the absence of radiation, there are large
temperature gradients, amethergyconduction is important. This layer thickness is usually small;
hence, for the formulation in this section, it is assumed optically thin so that radiation passes through
it without attenuation. For largerthan in this layer, temperature gradients are smalles@igy
conduction $ neglected compared with radiative transfer.

In the outer region, the velocity in tRelirection has the frestream valuel, and with the neglect
of energyconduction in this region, the boundary layer energy equation reduces to

&
rcpuoti =4 ¥s2 g'l'f‘lEzﬁ( ) QAT(x 9 E( ) a (D.17)
tr &
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To obtain an approximate solution by iteration, substitute the incomingtieam temperaturé
for the temperature on the right side as a first approximation and then carry out the integral to obtain
a second approximatiokor the outer region, to firgirder terms,

K
T(x)=T + ([ F) 5 s)ﬂ% (D.18)

whereT = Toatx=0.
At the edge of the thermal layery = @ [iwhich is small, so tha&(e Jia E>(0) = 1. Hence, at =
U, Equation(D.18) becomes

2kx
r Golo

(D.19)

T(xd) %% (¥ T)

Equation(D.19) is the edge boundary condition that the outer radiation layer imposes on the inner
thermal layer. Th@(x, U) to this approximation increaslinearly withx.

To solve the boundary layer equation in the inner thermal layer region, the last integral in Equation
(D.17) is divided into two parts, frord)= 0 toa @and fromU= a iio B. Thefirst portion is neglected
as the thermal layer is optically thin, and the second is evaluated by using the outer solution Equation
(D.18). By retaining only firstorder terms, the boundary layer energy equation is reduced to

uT m_ .2 S
u—+v—"— = ar- =+ T+ 2T D.20
oW By qs(kE b+ 2T (029

The boundary conditions are given by Equatioril8) aty = U, and the specified wall temperatdre
= Tiaty = 0. The solution is not developed further here.

OPTICALLYHICKTHERMAIBOUNDARYAYER

At the opposite limit from the previous section, if the thermal layer has become very thick or the
medium is highly attenuating, the boundary layer can be optically thick. The analysis is then
simplified, as the diffusion approximation can be employedmFiquation(D.10), radiative
diffusion adds a radiative conductivity to the ordinary thermal conductivity. Then, the laminar
boundary layer energy equation becomes

a ur M 0 _ ¢A16 T | OT
r BEowbE 5=8&—— ktg (D.21)
Cpca;élux M = W 3 b 2y

With the assumption of constant fluid properties, the momentum and continuity equations do not
depend on temperature; consequently, the flow is unchangeshdrgy transfer. The velocity

distribution is given bythe Blasius solution in terms of a similarity variabfe =y\/u,/ X. Then
under the square roots is the kinematic viscosity. The stheaction and velocity components are
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_ py . df Lyl | wh df
f( ,hu == =, v —='2 | —=x— fh D.22
y X f( ) y Pk mZ\/xgedh (D.2)
where the functiofi(d) is in Lee etl. (1990). These quantities are substituted into Equéidzi),
giving
ProdJ _d €4 4% aJ

2"dh d KB, @ h 02

where « = T/ToandNcr =k B4 & ; Ncr is the conducticiradiation parameter. The boundary

conditions that were used in the numerical solutiorneare1 = Ti/Toatd =0, ande=1 atq=b. To
be more precise, a temperature jump condition from the use of radiative diffusion shaskst et
the wall

NATURAICONVECTIORLOW, RADIATIVEENERGYTRANSFERNDSTABILITY

When natural convection is significant, buoyancy appears in the momentum equation while the
continuity and energy equations are unchanged.
For fully developed flown a tube, for examplehe momentum equation is

dpP 1da du
-+ = Mg — D.24
dx 9 7 rdrgé r (029

This must be solved in conjunction with the eneggyation, as the buoyancy tegmis temperature
dependent

RADIATIONNTERACTIONS WITHRBULENCE

Radiation is coupled with turbulence in absorbmgitting media. This was first recognized by
Townsend (1958). The coupling is through the radiative flux divergence in the energy equation, which
affects the local temperature and, importantly for combustiwoblems, the local species
concentrationsind reaction ratesvhich are quite temperature dependent. The turbulent fluctuations

in these quantities also affect the local radiative properties. In addition, the fluctuation in local
temperatures around thecal mean camrcause a very distorted distribution of local foupibwer
temperatures, which in turn affects local emission of radiation and causes radiative emission to be
greater than would be predicted using a local fopdtver temperature based solely on the local
mean.Another factor to consider in mixedode problems!
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E: COMMERCIAL CODES FOR RADIATION

E.1 CODES FOR CONFIGURATION FACTORS

Many computer programs are available that use one or more of the methods outthaegter5 of

the textfor numerical calculation of configuration factofsee Sectioik.3 of this Appendix for web
addresses.Examples are FACET (Shapiro 1983), which uses area integration and contour
integration; VIEW (Emery 1986), which can be used with the NASTRAN thermal analysis code; a
program that relies on the computgaphical analog to the ursphere method (Alciateretal.

1989) and VIEW3D The latter proggm provides factors between a differential element and an
arbitrary 3D object. The prografiSS (Thermal Simulation SystenChin etal. 1992), developed
under NASA sponsorship, incorporates an advanced graphical user interface for displaying
configurations. The CHAPARRAL program (Glass 1995) incorporates FACET for 2D factors and
uses the hemicube method for computing 3D fadtorgery large surface element arrajéany
commercially available thermal analysis programs such as COMSOL, FLUENT, FIDAP, NEVADA,
and the freeware progran®penFOAM also incorporate configuration factor computation using
various methods, sometimes with choices among methidesgeneral code MATLAB has a phlug

in module for configuration factors that uses contour integration ttagetrs between polygons in

any configuration.

These and other computer codes provide a means to generate configuration factors for complex
geometries and are invaluable for radiative analyses. Their accuracy can be assessed by comparison
of computed results with the analytical expressions developedftiesimpler geometries that can
be used for test cases. Several different numerical methods for calculating configuration factors in
complex configurations are compared by Emergle{1991) for computing speed, accuracy, and
convenience. The geomessieange from surfaces almost unobstructed in their view, to highly
obstructed intersecting surfaces. The methods compared include double integration, Monte Carlo,
contour integration, and projection techniques. If the view is not too complex, methodsohased
contour integration are found to be successful. The advent of massively parallel computers is making
Monte Carlo methodsSection 10.5 of the texparticularly attractive for computing configuration
factors. Walker eal. (2010, 2012) and Walker (201f3ave examined the use of parallel Monte Carlo
using either standard central processing units (CPUs) or graphical processiri@Rbisgand find
good speed and accuracy in comparison with fieieanentbased numerical integration for
computing configuration factors for complex geometries. They employ superimposed primitives for
fast rendering of many common objects.

E.2: CFD-BASED CODES

Most of the major commercially available computational fldyshamics (CFD) codes employ
one or more choices of methods for handling radiative transfer within a participating medium. For
example, the ANSYS CFD code packages FLUENT and CFX between them provide choice from
among surfadesurface, diffusion, B discrete transfer, discrete ordinates, and Monte Carlo solvers.
The COMSOL buikin Heat Transfemodule incorporates spectral surface properties for surface
surface exchange in simple geometries, and uses the Rosseland approximappno@mation or
the discete ordinate method (DOM) for radiation in participating me@penFOAM,afree online
CFD code includes P1 and finite volume models, plus a configuration factor calculator for transparent
medium problems.

Various modelsmay beincluded for treating anisotropic scattering and spectral medium
property variations, although these features are not available for all solvers. These and competing
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codes continue to add features and capabilities, and careful comparison is warranted of the required
capabilities for goroblemor application.

E.3: AVAIL ABLE ON-LINE CODES AND DATABASES (Links checked as 08/25/2019)
On-line resources are available for aid in computing many useful functions for radiation. These

include:

CONFIGURATION FACTORS BETWEEN SURFACES:

FACET (Shapiro et al. 1983Wwww.oecd-nea.org/tools/abstract/detail/nesc9578

VIEW (Emery 1986)https://bit.ly/2kOY JjO

VIEW3D (Walton 1986)www.View3d.sourceforge.net

VIEW FACTORS (Lauzier): Plug in module to MATLAB:
https://www.mathworks.com/matlabcentral/fileexchange/5664-view-factors

Catalog (Howell19820nline: More than 350 factors, many with calculator):
www.ThermalRadiation.net/indexCat.html

LINE-BY-LINE SPECTRAL DATA
HITRAN 2016 (Gordon et al. 201 Apww.cfa.harvard.edu/hitran//
HITEMP 2010 (Rothman et al. 2013itps://hitran.org/hitemp/
SPECAIR (Laux 2002)www.specairradiation.net/
GEISA @acquinetHussonet al. 2017):
https://geisa.aeris-data.fr/line -transition-parameters2019/
NIST Atomic Spectra (Kramida et al. 201Rjtps://www.physics.nist.gov/asd
GAS EMITTANCE FOR COg2, H20, CO AND THEIR MIXTURES
Al berti et al. (2018), Spread sheet under ASupp
doi.org/10.1016/j.jgsrt.2018.08.008
SCATTERING
Referenceso scattering literature and codéstps:www.scattport.org/index.php
Mie scattering calculator (Prahl,2009ttps://omlic.org/calc/mie _calc.html
T-matrix for irregular particles (Mishchenko et al. 2013): at
https://www.giss.nasa.gov/stafffmmishchenko/t matrix.html

OpenDDA:Discrete dipoleapproximation for AgglomerategMcDonald et al2009:
www.opendda.org

ADDA: Discrete dipole code for agglomerat@gurkin and Hoekstra 2011):
https://github.com/adda -team/adda

Add-on package for MATLAB (Nieminen et &007):
www.physics.ug.edu.au/people/nieminen/software.html
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G: A HISTORY OF THERMAL RADIATION AND SHORT BIOGRAPHIES

G.1 HISTORY OF THERMAL RADIATION

The historical development of the blackbody relations differs from the sequence in which they are presented
in Thermal RadiationAn Introduction The derivation of the approximate spectral distributions of Wien and

of Rayleigh and Jeans, the StéfBro | t z mann | aw, and Wienos theresapl acem
logical consequences of the fundamental spectral distribution of intensity derived by Max Planck. However,
these relations were formulatgdiort o publ i cati on of Pl anckdés wor k (°

through complex thermodynamic arguments (see the Timeline following the biographies below.)

Joseph Stefan (1879) proposed, after study of some experimental results, that emissive power was related to
the fourth power of the absolute temperature of a radiating body. His student, Ludwig Eduard Boltzmann
(1884), was able to derive the same relatignanalyzing a Carnot cycle in which radiation pressure was
assumed to act as the pressure of the working fluid.

Wilhelm Carl Werner Otto Fritz Franz (Willy) Wien (1894896 derived the displacement law by
consideration of a piston moving within a mirrored cylinder. He found that the spectral energy density in an
isothermal enclosure and the spectral emissive power of a blackbody are both directly proportional to the fifth
power of the absolute temperature
when Acorresp
wavel engthso are ¢
(\ derived his spectral distribution of
’ intensity through thermodynamic

b argument  plus  assumptions
concerning he absorption and
emission processes (1896). Lord

Rayleigh (1900) and Sir James
L : Jeans (1905) based their spectral
distribution on the assumption that
1650‘155 the classical idea of
equipartitioning of energy was
valid.
- Careful measurements of the
. blackbody spectral distribution by
) _ Q Otto Lummer and  Ermnst
i Pringsheim (1900) (and some
theoretical considerations)
indicated that Wi en ¢
for the spectral distribution was
invalid at high temperatures and/or
large wavelagths. This led Planck
to an investigation of harmonic
oscillators that were assumed to be
the emitters and absorbers of
radiant energy. The figuréeft)
from Lummer and Pringsheim
shows, at the lower right, the
disagreement between the
Rayleigh, Wien, ad experimental
data at largd T values. Various
further assumptionsabout the

on
ho

ne.




G. History and Bios

average energy of the oscillators led Planck to derive both the Wien and Rajdsigé distributions. Planck
finally found an empirical equation that fit the measured energy distributions over the entire spectrum. In
determining what modifications to thigeory would allow derivation of this empirical equation, he was led to
the makeassumptions that form the basis of quantum theory. His equation leads directly to all the results
derived previously by Wien, Stefan, Boltzmann, Rayleigh, and Jeans.

Gustav Mie used the EM theory to predict the scattering coefficient and phase function for radiation
interacting with small spherical particles (1908a, b), and a historical overview of his contributions is in Horvath
(2009a).

Short biographies of the major historical contributors to the theory and practice of thermal radiation energy
transfer abridged from various sources are given below, along with a timeline that sets the sequence of their
accomplishmentBarr (1960)givesan interesting and informative comprehensive review of the history of the
field of thermal radiatiorHowell (2002)gives a review of the development of radiation enérgysfer. Lewis
(1973) and Crepeau (2009) discuss the derivation of Péakak, and Stewart and Johnson (2016) give a
hi storical overview of Planckés Law and the comput
various forms.
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G. History and Bios
G.2: BIOGRAPHIES OF FIGURES IN THE DEVELOPMENT OF RADIATION THEORY

- August Beer (18251863) was a German physicist. In 1852, he

published a paper on the absorption of red light in colored agqueous solutions

. of various salts. He showed that the intensity of light transmitted through a
solution at a given wavelength decays exponentially with incrgegsath

| length and the solute concentration.

Ludwig Eduard Boltzmann (18441906) made seminal
contributions to the kinetic theory of gases andeoergytransfer by
radiation, but is probably best known for his invention, independentl
J. Willard Gibbs, of statistical mechanics and the formulation of entr
on a microscopic basis. He de
radiation emission by considieg aheat enginevith light as the working
fluid. He committed suicide in 1906, probably because of depressior
was subject to what we now call bipolar disorder) brought on by br
criticism of his work. Boltzmann's epitaph in the Central Cemetery
Vienna reads

Ludwig Boltzmann
18441906
S =kInW

Pierre Bouguer (16981758)first discovered the law in 1729 of
exponential decay of light intensity through an absorbing medium (in his
case, the atmosphere), now often called the-Baerbert Law. He was an
accomplished naval architect (known
beating out Euler for a prize by the French Academy of Sciences for a paper
on the masting of ships. Craters on the Moon and Mars are hamed after him.
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Robert Wilhelm Eberhard Bunsen (18111899) investigated

spectreemitted by heated elements using a spectrometer designed with C
Kirchhoff. They discoverethe elementsesiumandrubidiumusing the device.
Bunsen developed gasalytical methods and was a pionegshiotochemistry

With his laboratory assistar®Peter Desagehe developed thBunsen burner

John Tynall was one of his graduate students.

Nicolas Leonard Sadi Carnot (1796L832)was the son of

Napoleonbs Minister of War (Athe Gr e
military engineer. I'n 1824, he publi
Motive Power of Fire, and on Machine

outlined one form bthe SecondLaw as well as a reasoned form of the first
law. His analysis of the most efficient possible cycle efficiency and a cycle
that has this efficiency carry his naniés analysis was based on caloric
theory, although unpublished notes indicate that he had begun to doubt that
theory. He died of cholera at age 36, having provided probably the single

most important contribution to classical thermodynamics.

Anders Celsius (17041744) although primarily an astronome
introduced a thermometer scale with O at the boiling point of water,
100 at the freezing point. The scale was reversed after his dea
provide the present Celsius scale (formerly called the centigrade s¢
Celdus showed that the boiling point of water varied with atmosph
pressure, and introduced corrections to the temperature scale to ag
for this.
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Subrahmanyan Chandrasekhar (19101995)won the Nobel

Prize in 1938 for his work on the structure and evolution of stars, later
showing star progression toward becommdplack hole. His uncle was
Chandrasekhara Venkata Raman who won the 1930 Nobel Prize in Physics
for his work on Raman scattering pliotons His book Radiative Transfer
(1960) outlines the discrete ordinates method (DOM) now used extensively
in thermal radiation transfeand introduces methods ftreating scattering

usingSt ok edbs parameters.

Photo courtesy of University of Chicago
Photographic  Archive, [apf09456], Special
Collections Research Center, University of Chicago
Library.

Louis de Broglie (18921987)did not originally envisage a career
in science. He entered the Sorbonne in Paris taking a course in histor
graduated at 18 with an arts degréé¢e then becameinterested in 3
mathematics and physics and chose to study for a degree in theor .
physics. o
De Broglie was awarded his undergraduate degree in 1913 bus
career was put on hold by World War I. His doctoral thesis put forwaro
theory of electron waves, based on the work of EinsteinRiadck It
proposed the theory for which he is best known, the pastiakee duality
theory that matter has the properties of both particles and waves. Thef
nature of the electron was experimentally confirmed in 1927. :

His was awarded the Nobel Prize in 1929 and continued to wor
extensions of wave mechanics. He questioned whether the statistical 1
of quantum physics reflects an ignorance of the underlying theory™®
whether statistics is all that can be known.

John William Draper (1811-1882) was an Englistborn
American scientist. In 1847 he observediinaper pointof 798 K at which

the emission from a heated object becomes visible to the human eye. In his
1847 paper he presented data on the emission vs. temperature from a heated
object (replotted heren an absolute scalédut failed to recognize the
fourth-power dependence

because an absolute temperatt
scale was not yet in use.

He is credited with taking the
one of the first photographic
portraits in 1839An image of his
sister from 1840 is considered th ¢ s e
oldest surviving portrait photéie “ i
also took the first detailed
photograph of the moon in 1840

o

-
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Paul Karl Ludwig Drude (1863-1906) studied first

mathematics and then physics at the University étticen. His
dissertation was on reflection and refraction in crystdis.performed
pioneering work on the optics of absorbing media and connectec
optical with the electrical and thermal properties of solids. In 190C
developed a model to explain tredation amonghermal, electrical, and L}
optical properties of mattere introduced the symbalfor the speed of
light. The Drude modelould be further advanced in 1933 Bynold
Sommerfeldand Hans Bethgbecoming thédrude-Sommerfeldvodel
In 1906, at the height of his career, be became a memberPfubsian
Academy of SciencesA few days after his inauguration lecture, fg
inexplicable reasons, he committed suicide.

Ernst Rudolph George (ERG) Eckert (190420049 was

born in Prague. After earning his Dr. Ing. in 1927, he moved to Danzig to
work with Ernst Schmidt at the Engine Laboratory. He researched radiation
from solids and gases, and published measurements of directional emissivity
from various materials aselN as directional reflectivity of blackbody
radiation. He also developed optical methods for obtaining configuration
factors. In 1937, he turned to measurement of the emissivity efNzO
mixtures as well as water vapatrvarious temperatures and panpigdssures

His later career was spent in investigating kéglkeed flows. He spent a long
and productive career in Germar@§zechoslovakiaand the U.S. at NASA
Lewis (now Glenn) Research Center dmaim 1951 atthe University of
Minnesota

Albert Einstein (1879-1955)of course is best known for his theo
of relativity and for promulgat:i
energy and mass througlFmc. His 1921Nobel Prize in Physichiowever,
was "for his services to theoretical physics, and especially for his disca
of the law of theohotoelectriceffect 0 The | atter ef f ¢
showed the presence of quantum energy in incident radiation, was a
impetus to the acceptance of quantum theory and provided suppo
Pl anckbés hypothesis of the exihst
derivation of the blackbody distribution.

6s mos
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Gabriel Daniel Fahrenheit (16861736) developed both an

alcohol and mercury thermometer, as well as the temperature scale that
bears his name. He was the first to calibrate thermometers with a
reproducible scale; previously, each thermometer had an arbitrary scale.
His original scale for thalcohol thermometer used the zero point at the
temperature of an equal mixture by weight of ice and salt, and 90 degrees
as the temperature of the human body, resulting in 30 degrees for the
freezing point of water. ltar, the mercury thermometer allowed expansion

of the scale to the boiling point of water at 212 degrees, and the rest of the
scale was revised to 98.6 degrees for the body temperature and the freezing
point of water to 32 degrees.

Maurice Paul Auguste Charles Fabry (18671945)received his
doctorate from theJniversity of Parisin 1892 for his work on interference
fringes, which established him as an authority in the fieldopfics and

spectroscopyHe explained the phenomenonimirferencdringes and together
with Alfred Pérothe invented thé&abry Pérotinterferometerin 1899 making

possible the accurate measurement of wavelength and refractive inde304,
he was appointed Professor of Physics atthiversity of Marseillewhere he \ i
spent 16 yearshile studyingthe light spectra of the Sun and staiith the :
interferometer Fabry and Henri Buisson demonstrated in 1913 that s
ultraviolet radiation is filtered out by an ozone layer in the uppaosphere.

Eunice Newton Foote (18191888) was anamateurAmerican
scientisand wo me n 6 s whoiisgoélieved taabe the fixstiperdon to
observethrough experimenthe ability of CQ and water vapor to strongly

absorb solar radiation and link this to the possibility of effects on climate.
This predated John Tyndall ds similar
published her work in 1856, some four years before Tyndall, he is usually

cited as the first person to note these effects. No photograph of Eunice Foote

is known to existthe one shown may be her or a relative.
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Joseph Thomas Gier (19141961)receivedhis undergraduate
degree inMechanicaEngineering at UC Berkeley in 1933, followed by
Master of Engineeringdegreein 1940. He was initially employed as
laboratory technician under Llewellyn Boelter. After serving as a lectt
and researcher, Gier was promoted to Associate Professor of Elec
Engineering at UC Berkeley in 1951, becoming the first tenured Afric
American professor in the University Qfalifornia system. He formed ¢
fruitful partnership with Robert V. Dunkle, 8echanicalEngineering
professor in 1943. Together they developed instrumentation to charac g
the radiative properties of surfaces and conceived of spsetetivity to |
improve the performance of solar collectors.

Oliver  Heaviside  (18501925) was a  seltaught
engineer/mathematician/physicist who invented methods for solving differential
equations and made many contributions to vector calculus. In 1888/9, he
reformul ated Maxwell 6s twent yandnove!l d eq
generally usedet of four equations in terms of four variabl€hapter 4 of the

textbook) Heaviside was often at odds with his employer and the scientific
| community but made important contributions to physics, astronomy, and
mathematics.

William Herschel (17381822) was a Germaiorn British
astronomer. He constructed his first large telescope in 1774 and spe
years carrying out sky surveys to investigate double stars. In March
he discovered the plangtanus

He pioneered the use afstronomical spectrophotometrgneasuring
stellar spectral distributions. In 1800, he discovered the presemfeanéd
radiation in sunlight by passing it through grism and holding a
thermometejust beyond the red end of thesible spectrumit showed a
higher temperature than thasible spectrum implying energy in the
unknown infrared portion of the spectrum. He improved the measure
of the rotation period diars and determined that the Martian polar ca
vary seasonally
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Hoyt Clarke Hottel (1903-1998 was a Professor at MIT from
1928 until his death and became an Emeritus Professor in 1968. He
developed gas emissivity charts for the important combustion gases, the
crosseestring method for determining configuration factors in 2D
geometries, and in 1927apershe established the engineering basis for
treating radiation in furnaces, including the zone method. Hottel also
contributed to the fields of combustion and solar energy.

Margaret Lindsay Huggins (18481915 was a pioneer in
measuring stellar spectra. She, along with her husband William Hugf
was the first to show that the stars were indeed suns, based on the si
of their emission spectra with that of the Sun (especsgctrallines of
magnesium and calcium). Their instrumentation was based
spectroscope model proposed by Bunsen and Kirchhoff. Observatio
Sirius showed a slight Doppler shift in the measured spectra, w
indicated that it was moving away from the Eaifthis eventually ld to
the discovery of the expanding universe.

Christiaan Huygens (16291695) was born and died &afhe
Hague. His father had studied natural philosophy and was a diplomat.
Christiaan gained access through him to the top scientific circles of the
times.He studied law and mathematics at the University of Leiden and the
College of Orange at Breda.

In 1654 his attention was directed to the improvement of the
telescope. In 1655, using one of his own lenses, he detected the first moon
of Saturn. His astronomical observations required some exact means of
measuring time, anitisled himin 1656 to invent the pendulum clock. His
reputation was now so great that in 1665, Louis XIV offered him a pension
if he would live in Paris, which became his place of residence. In 1670 he
had a serious illness which resulted in leaving Paris for HallBpdl671
hereturned to Paris. In 1672 Louis XIV invaded the Low Countries and
Huygens found himself in the position of being in an impompastin Paris
at a time France was at war with his own country. Scientists of this era felt themselves above political wars
and Huygens, with support from his friends, contthbis work.

The first watch regulated by a balance spring was made under Huygens's direction and presented by
him to Louis XIV. He returned to Holland in 1681 and devoted himself toctimstruction of lenses of
enormous focal length, and he discovered the achrotetggcopesye piece which is known by his name.
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In 1689 he came from Holland to Englat@imake the acquaintance of Newton, whose
Principia had been published in 1687. Huygens recognized the merits of the wdr&libutd any
theory incomplete which did not explain gravitation by mechanical meansadd d n 6 t accept N ¢
theory of univerasmpe ar vt dOarmis retarh isvli680d-hyders published his
treatise orlight in which the wave theory was expounded and explained. The immense reputation of Newton
led to disbelief inany theory which he rejected, and to the general adoption of Newton's corpuscular theory
over wave ideas.

In the final years of his life Huygens composed one of the earliest discussions of extraterrestrial life,
published after his death as tiesmotheoro§l698).

James Hopwood Jeans (187¥946)was educated in London
Initially interesedin theclassics, he soon turned towards mathematics.

Jeans went to Trinity College Cambridge in 1896 on
mathematical scholarship. As an undergrad he gained experienc
experimental physics in the Cavendish Laboratory during -1899.
During recoveryfrom tuberculosign 1902 and 1903 he worked on his fir
major textThe Dynamical Theory of Gasédanckhad announced in 190(
his formula on blaclbody radiation, but Jeans was strongly opposec
Plancks results.

He held a series of positions between 1900 and 1906, and d
this period he published his second major t€keoretical Mechanics
(1906). He publishedThe Mathematical Theory of Electricity an
Magnetismin 1908 while in the United States. In 1909 he returned
England and held the post of Lecturer in Applied Mathematics

Cambridge until he retired in 1912. Jeans continued work and wrote
Radiation and Quantum Theoity 1914. In this work he showed that he had come to aédaptks black
bodyformula.

Gustav Robert Kirchhoff (1824-1887 had a broad influence

on physics and engineering. He proposed in 1859 and provided a proof in
1861 that, in simple terms, AiFor an
thermal radiation in thermodynamic equilibrium, the emissivity is equal to
theabsorptii ty. 6 This was shown to apply
total properties. He first described the ideal radiation emitter in 1862 and
called it theschwarzer korpe(blackbody) because, as the perfect emitter,

it must also be the perfect absorber éimags a zero reflector that would

appear black to the eye.

He, along with Robert Bunsen used a prism to analyze the spectrum
emitted by heated samples. Applying this new research tool, they
discovered two new elementgsium(1860) andubidium(1861) He also
promulgated the laws of electrical circuit analysis.
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Johann Heinrich Lambert (17281777) was a selaught
mathematician, astronomer, logio, and philosopher. Aside from his work in
radiation, he offered the first proof thatwas an irrational number. In 1758, he
published his first book, describing the exponential decay of light, followed in 1760
by his more complete bodRhotometriethat describes the exponential decay as
well as the cosine dependence ofeéh@ssionfrom a diffuse surface.

Pyotr Nikolaevich Lebedev (1866.912)was thefirst to

measure radiation pressuom a solid body (1899) at Moscow Stafi
University which he published in 190The measurements of the ting

forceGol ar radiation exert s)wardfaiyt Earth
inaccurate (off by about 20 percent) but provided the first experimes
confirmation of Maxwel | 6s t he romagn:

performed important experiments on millimeveave radiation He
created the first school of science in Russiaw part of the Russiarfii=
Academy of ScienceA crater on the far side of the moon is named §
him.

Gilbert Newton Lewis (1875 1946)was a precocious child who
learned to read at age three. At age 13 he entered the prep school of the
University of Nebraska and continued to the University. After his second
year, he transferred to Harvard, where he concentrated in chemistry, getting
hisB.A. in 1896andPh.D.in 1899.

After earning his Ph.D., he studiethder Wilhelm Ostwald at
Leipzig and Nernst at Gottingen. In 1905 MIT appointed him to the faculty
He becamassistant professor in 1907, associate professor on 1908, and
full professor in 1911. He left MIT to become dean of @alege of
ChemistryatUC Berkeley in 1912.

In 1908 he published the first of several papers on relativity, in
which he derived the massergy relationship in a different way from
Einstein's. In 1913, he was elected to Naional Academy of Sciences
but in 1934 he resigned in a dispute over internal politics. In 1926, he
coined the term "photon” for the smallest unit of radiant energy. He died at 70 of a heart attack while working
in his laboratory.
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Hendrik Antoon Lorentz (18531928)was a Dutctphysicist

who made significant cont ri buti ons to Eir y of
relativity. His 1875d i ssert ati on at Leiden 1s fAOn
of reflection and refraction of h ref

His 1892 electron theory proposed that in matter there are electron:
conduct electric currents and whose oscillations gise to light. He
shaed the 1902 Nobel prizevith Peter Zeemarfor discovering and
explaining the Zeeman effeshich shows that a strong magnetic field ci
affect the wavelength of radiation emission

Ludvig Valentin Lorenz (1829-1891)was a Danish chemical
engineer who became interested in physics. Because he published in Danish,
his work went unrecognized for many years. He published the relation
between the density of a pure transparent material and light refraction in
1869. He also erived the correct velocity of light from electromagnetic
theory. In 1890 he preceded Gustav Mie in proposing a theory of light
scattering from spherical particles, sometimes now called the L-dteEnz
theory.

Otto Richard Lummer (1860
1925) (efty and Ernst
Pringsheim (1859191 7)right).
Lummer received the Ph.D. unde
Helmholtz in 1882 and joined th¢
University of Berlin as lecturer in
physics in 1886. He became profess
in 1896 and in 1905 was appointed f
professor of theoretical physics at t
University of Breslau, where his clos
collaborator Ernst Pringsheim ha
preceded him by six months. In 189
Lummerand Ferdinand Kurlbaunthad
published an account of their cavity radiation soutwehlraunj, used
largely unchanged for radiation measurements to the present. It was a hole
in the wall of a platinum box, divided by diaphragms, with its interior blackened.

Pr i n g sdocorahdissertation of 1882 determined the direction of his reseaeeih and light
radiati on. Despite his appointment in theoretical
largely experimental. At Berlin it was characterized flogt a period of research done alone and then in
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cooperation with Lummer after 1896. He develdgthe radiometer into a useful instrument for measuring
infrared radiation

In 1896, Lummer and Pringsheim turned to investigations of thermal radiation. Contiieng s
wor k, Pringsheim assisted Lummer in implementing K
StefanBoltzmannlaw for the temperature dependence of total radiated energy. They then measured the
spectral distribution of the radiation energy with the aid of a hohlraum.

I n September 1900 they published -Blangkaspedral st at
equation. 0 Such negative statements were the main

James Clerk Maxwell (18311879) along with his many
extremely important contributions in electromagnetic theory and other fi
of science, formulated the kinetic theory of gases. He is often considere
most influential physicist after Einstein and Newton.

He described the propagation of an electromagnetic wave usi
system of 20 equations, and showed that the speed of electromagnetid
propagation was equal to the speed of light, implying that light was itse
electromagnetic wave.

Working with Clausius, he used a statistical approach to find
velocity distribution in an assembly of gas molecules at a given temper
(later derived using the maximum entropy principle by Boltzmann, and
called the MaxwelBoltzmann distributio). He also observed thg
relationships among thermodyna
Relations.

embo

Gustav Adolf Feodor Wilhelm Ludwig Mie (18681957)

was a professor of physics with a strong background in mathentdécs.
researched colloidsit the University of Greifswald in NortEastern
Germany. One of his PhD students investigated the scattering and
attenuation of light by gold colloids. Mie used his knowledge of the
Maxwell equations and solutions of very similar problems in the literature
to treat the theoretical problem of scattering and absorption of light by a
small absorbing sphere. Since theakulations were done by hand, Mie
had to limit his theoretical results to three terms in infinite expansions, and
this limited treatment to particles smaller than 2@® at visible
wavelengths. Mie's paper was hardly noticed for the next 50.ydars
developed the Mie system of units in 1910 with the basic Ufuils,
Ampere CoulombandSecondVACS-system)
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Edward Arthur Milne (1896

1950)was an English astrophysicist wh
worked on radiation pressure and t

generation of white dwarf starArthur
StanleyEddington (18821944)

also Englishjnvestigated the importance
of nuclearreactions in stellar structure
The pair provided a second solution to th
radiative transfer equation (after Schuste
Schwarzschild) based on a tflax (rather
than two intensity) model.

Michael I. Mishchenko (19592020 received Ph.D. in Physics
(with honors) from the Ukrainian National Academy of Sciences, Kiev.
worked at the Main Astronomical Observatory in Kiev (198B2) and
then joined the research staff of the NASA Goddard Institute for Sy
Studies in New YorkHe made many contributions to the theory a
application of radiation scattering, including multiple scattering of polari.
light in clouds composed of nespherical particles, computing th
bidirectional reflection function for flat snow and soil sedg interpretng

guantitatively the photometric and polarization effects exhibited by Satt
rings and outeplanet satellitesandthepeculiar radar returns caused by-ic
covered surfaces

Isaac Newton (16431727)establiskd the fundamentals of calculus,

his laws of mechanics and gravitation, and fundamental studies of the behavior
of light. His laws of mechanics form a major part of the understanding of
mechanical work in classical thermodynamics. He built the first practica
reflecting telescope, and developed a theory of color based on obervations of
the prismatic visible spectrunNewton argued that the geometric nature of
reflection and refraction of light could only be explained if light was made of
particles, referredot as corpuscles, because waves do not tend to travel in
straight lines, and refraction was caused by accelerating of the corpuscles due
to attraction by the denser medium. He explained why the particles were
Tk partially refracted and partially reflected aglass (prism) surface by noting
that the particles had Afits of attraction and fit
of Huygens, which proved more successful in explaining many phenoMeaasurements of the speed of
light in vacuum and then in media with nonunity refractive index showed that light speed is lower, not greater
in such media, putting the final nail in the corpuscular thedlgxander Pop&rote the famouspitaph

Nature and nature's laws lay hid in night;
God said "Let Newton be" and all was light.
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Leopoldo Nobili (17841835)
(left) and Macedonio Melloni
(17981854) (right) developed a

thermopilebased radiometer read by
galvanometer, and investigated radiatic
from various sources. They showe
(1831) that different surfaces emitte
differing amounts of radiation at the
same temperature, and that tt
radiometer reacted similarly to ligh
sources and heated surfaces.

Max Planck (18581947)laid the basis for quantumechanicsand
was the forerunner of modern physics based on that theory. He studied
Helmholtz, and was impressed with the powerful conclusions that coul
drawn from the Second Law griginally developedhis blackbody spectra
distribution based orthe observation that the denominator in classica
derived distributions such as that of Wien needed to be slightly small
fit the experimental datddis attempts to explaithe theoretical &sis ofhis
proposed spectral energy equation led him to hypothélse& existance of
guantized energy levels, a concept at odds with all of classical physic
t hermodynamics. He was forced t
Second Law as a statistical rather than an absolute law.

zmanno

Pierre Prevost(17591839)was born in the Republic of Geneva,

and skittered between the church, law, education, travel, and philosophy
before concentrating on physical science after meeting Lagrange in Berlin.

In 1791, he proposed theite radiation from a body is emitted regardless

| of the presence or absence of ot her
| commented on how radiative equilibrium between a body and its
surroundings is obtained.
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William John Macquorn Rankine (1820-1872)was born
in Edinburgh, Scotland. He wrote practical treatises on thermodyna
including the first systematic treatment of steam engine theory, ant
exposition of what we now call the Rankine cycle. He proposed
Rankine absolute temperature sdalé859. He was also a poet, writin
The Mathematician in Loyend a song writer, composing such balla
asThey Never Shall Have Gibraltar.

Svein Rosseland (1894985)was a theoretical astrophysicist who
followed early education in Norway with a fellowship at the Institute of
Physics in Copenhagen in 1920, where he met many pioneers in atomic
physics, including Neils Bohr. In 1924, he published the paper describing
the opacity coefficient of stellar mattenow known as the Rosseland
coefficient. He made important contributions to theoretical astrophysics
throughout his career. His 1936 tekheoretical Astrophysi¢snay be his

most important work. He left occupied Norway in 1941 to the US and then
England finally returning to Norway in 1946.

Photo courtesy ofCreative CommonsOslo Museum

Sergei Mikhailovich Rytov (19081996) contributed to the

development of nedield radiation transfer concepts with his pioneeri
studies on fluctuational electrodynamics. Earlier in his career, he devel
an approximate solution of Maxw
of an eletromagnetic wave through a turbulent atmosphere, and w{
pioneer in the field of radiophysics. This work has widely been use’
inverse techniques for determining the phase function and scatt:
coefficient of scattering media from remote signalset,dte developed the
description of the effect of thermal fluctuations in electrodynamics
published some of the most cited papers and and a book on the subje
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Erwin Rudolf Josef Alexander Schrodinger(1887#1961)

various fields of physicsstatistical mechanicandthermodynamigsphysics
of dielectrics, color theory electrodynamics general relativity and
cosmology He made several attempts to construghéied field theoryand
is also known for hisSchrodinger's cathoughtexperiment.

Franz Arthur Friedrich Shuster
(18521:1934) studied with Kirchhoff,

Maxwell, Helmholtzand Rayleigh among
others. He is credited with initial work or
predicting antimatter andhe eleveryear

' sunspot cycleKarl Schwarzschild
© (18731916) worked on radiative

pressure on small particles, atomic spec
laid the foundation for the theory of blac
holes, and generalized the theory of t
Stark effect. Schuster and Schwarzchil
developed the two-stream model of
radiative transfer in ondimensional

was a Nobel Prizevinning (1933) Austrianphysicist who developed
fundamental results iguantum theoryThe Schrédinger equatiodescribes

thewave functionof a particle and how it changes dynamically in time. He

did not like the consequences that flow from interpreting the equation, and
said Al donot | ike it, andHewoteinsorry

systems.The model is based on assuming a different uniform intensity in the forward and backward

hemisphere of directions.

Robert Siegel (1927%2017) received his ScD in mechanica
engineering from MIT in 1953. He joined NASA in 1955 and was a se
research scientist at the Lewis/Glenn Research Center for 44 Meadid
seminal research on reduced gravity heat transteere was no text
dedicated to radiative transfer during the late 1950s and radiation wg
i mportant component in NASAGOs sp
NASA management requested him to write basic manuals on radiatio
use by NASAOGs engi neer $pecialRuldicatioms
(SPs) on radiative properties, surfamaface radiation, and radiation i
participating media became the basis for the graduat&hexmal Radiation
Heat Transfernow in its seventh editionDr. Siegel made importan
contributions to transient radiation analysis, flow in radiating chan
barrier coatingand variable refractive indesystems, and radiation in droplé
arrays

)]

>

igns a

NASA

He was inducted into the inaugural class of the NASA Glenn Research Center Hall of Fame in 2015 as one

of the AGIi ants of He at Transfer. o
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Ephraim M. Sparrow (1928 2019) received his PhD from
Harvard in 1952. He was a prolific researcher across many fields of heat
transfer while working at various posts including the NACA Lewis
Research center (now NASA Glenn) and finally at the University of
Minnesotawhere he was a working faculty member until he dladhe

field of radiation, he applied contour integration to the calculation of
configuration factors,introduced the use of variational methods in
conjugate heat transfer systems, investigated the emittance of various
cavity geometries, and studied radiation effects in fin configurations.

Johannes Stark (18741957 )received the Nobel Prize in 1919 for h
i di s c othedDoppler effect in canahysand the splitting of spectral line
in electric fieldso, the |l atter
request in 1907 as a journal editor for a review article by the relatively,
unknown Albert Einstein led Einstein along a path to hémé&al Theory of
Relativity. Stark later became a strong advocate of Adolph Hitler and the
party and was a main figure in tlgeutsch Physiknovement, seeking td
remove Jewish scientists (including Einstein) and their contributions f
German physics

Foll owing WW I, Stark was <cl ass
a fouryear (suspended) sentence by a denazification court.

Josef Stefan (1838.893) was born inAustria and attended
elementary school in Klagenfurt, where he showed his talent. In 1845, he
entered th&lagenfurt Lyceumandgraduated top of his class. He left for
Vienna in 1853 to studymathematicsand physics and earned his
qualification for university teaching inmathematical physicat the
University of Viennan 1858.

Stefan published nearly 80 scientific articles, mostly in the
Bulletins of the Vienna Academy of Sciences. He is best known for
originating Stefan's lawn 1879, which states that the totatliationfrom
a black body is proportional to the fourth power of its absolute
thermodynamic temperatufé In 1884, the law was derived from a
thermodynamic analysis by Stefan s studenmtwig Boltzmanrand hence is known &efan Boltzmann law
The law is now usually derived froRlanck’s lawof black body radiation.

Using his law, Stefan determined the temperature ofSilv@s surfacéo be 5,430°C (9,810°F),
comparable to the presently accepted average value of 5780K. This was the first reggedaibien ofthe
apparentemperature of the Sun.
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John William Strutt, Lord Rayleigh (1842-1919)was one of

the very few members of higher nobility who won fame as an outstan
scientist.He entered Cambridge in 1861 where he read mathematics, a
exceptional abilities enabled him to overtake his better prepared compe
From then on, he devoted his full time to science.

In 1859,John Tyndalhad discovered that bright light scattering @
nanoscopic particulates was faintly biiirted. He conjectured that a similg
scattering of sunlight gave the sky lilsile hue but he could not explain the
preference for blue light, nor could atmospheric dust explain the intensi
the sky's color. In 1871Rayleighpublished two papers on the color a
polarization of skylight to quantifyyndall's effecin water droplets in termg
of the volumes anckfractive indice®f particulates. In 1881 with the benefitdZ#mes Clerk Maxwed 1865
proof of the electromagnetic nature of lighe showed that his equations followed from electromagnetism. In
1899, he showed that they applied to individual molecules, with the terms containing particulate volumes and
refractive indices replaced with terms for molecylalarizability.

In 1879 he was appointed to follow Maxwell as Professor of Experimental Physics and Head of the
Cavendish Laboratory at Cambridge. He left Cambridge in 1884 to continue his experimental work and from
1887 to 1905 he was Ty n Naural Philmsophyic theeReyaldnstituttos of Breab f e s s
Britain.

His first research as mainly mathematical, concerning optics and vibrating systems, but his later
work ranged over almost the whole field of physics, covering sound, wave theory, color vision,
electrodynamics, electromagnetism, light scattering, flow of liquids, hydrodynadgcsity of gases,
viscosity, capillarity, elasticity, and photography. He was a Fellow of the Royal Society (1873) and won the
Nobel Prizen 1904for measuring gas densities and the discovery of Arglendied on June 30, 1919.

William Thomson, Lord Kelvin (1824-1907) became

Professor of Natural Philosophy in 1846 at the University of Glasgow at
age 22, and remained there for 53 years. He established the first physics
teaching | aboratory, a n d oftenasay thate s p 0 n ¢
when you can measure what you are speaking about, and express it in
numbers, you know something about it; but when you cannot measure it,
when you cannot express it in numbers, your knowledge is of a meagre and
unsatisfactory kinda Of cour se, he al so-rayai d AR
are clearly a hoax," and "The aeropl
He suggested his eponymous absolute temperature scale in 1848
based on Carnotds work. While workin
he found time to publish work in 1849 (at age 25) that included the first use
of the wordsthermodynamicand mechanical energyBy 1850 he had
abandoned the caloric theory, and worked with Jou
expansion of gases, leading to the measurement and introduction of thélmson coefficient.
His interest in thermal conduction and thermodynamics led him to an incorrect estimate of the age of
the Earth as 20 @00 million years (and not infinite). His estimate was incorrect because it neglected the effect
of radioactive decay and the internal convection of the core, both unknown at the time. (The presently accepted
value is 4.5310° + 1% years.)
He was elevated to the House of Lords in 1892, the first scientist so honored.
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Andrey Nikolayevich Tikhonov (19061993)was a Russian
mathematician. He graduated from Moscow State University with a |
in 1927. He immediately made important contributions to topology

mathematical physics and proved the fundamental uniqueness of the
equation. Of most importance toig book is the method he developed f
solving ill-posed inverse problems. He is credited with being the firs
develop the method now known dskhonov regularizationin 1963
although others (e.g., Phillipd962) developed very similar methods :
nearly the same time.

John Tyndall (1820-1893)was chiefly an experimentalist. From

1853 to 1887 he was professor of physics aRibyal Institution of Great

Britain in London. His experiments on radiation and the radiation
absorption of gases were the basis for his 1872 @mkributions to
Molecular Physics in the Domain of Radiant Haat are also described

in his 1863 texHeat Considered as a Mode of Motidthe proposed that
differing types of molecules have differing absorptions of infrared
radiation because their molecular structures give them differing
oscillating resonances and that the absorption behavior of molecules is
quite different from that of the@tans composing the molecules. For
example, nitric oxide (NO) absorbed more than a thousand times more
infrared radiation than either nitrogen JJNor oxygen (Q). He also
observed that no matter whether a gas is a weak absorber of broad
spectrum radiargnergyi any gas will strongly absorb the radiamergycoming from a separate body of the

same type of gas, demonstrating a kinship between the molecular mecharabsarpfiorandemission He

found that moist air was a much better radiation absorber than dry air and speculated on what this meant in
terms of meteorology and climatde was probably unaware of Footeds e

Tyndall 6s apparatus for me
absorptance of moist and dry air. The moist or dry air is pum
from a bag (B) into a cylinder (T) enclosed at each end wit
rock salt window. C is a blackbody source; P is a radiome
conneted to a galvanometer (G). A secondary hi
temperature source (burner
the detector if the intervening screen was removed. (Fi
Tyndall 1865).
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Stanislaw Ulam (19091984)was a Polistborn scientist who
worked at Los Alamos on the nuclear weapons Manhattan Project di
WW II. Following recovery from serious brain surgery, in 1947 he brou
forth the idea of implementing statistical techniques for modeling
individual histories of neutrons during their supercritical reactionsv
known as the Monte Carlo methoals a substitute for solving the ver
complex equations otherwise required. He developed the idea along
John von Neumann, Enrico Fermi, Nicholas Metropolis and oth
Metropolis and Ulam published the first paper in the open literature or
methodin 1949.

- L

Raymond Viskanta (19312021 was born in Lithuanigand with
| his family migrated to Germany in 1944 aod to the US in 1949. He
- - received his PhD from Purdue University 1860 and joined thePurdue

- faculty in 1962 He made wide ranging andgeificant contributions to
engineeringunderstanding and applicationshighly nonlinearproblems
involving radiation coupled with conduction and/or convecti@diating
systems with transientsadiation transfer icombustionsystems and for
glass manufacturingand radiation effects on melting and solidification,
porous media, and buoyancy driven systdeswas widely respected as a
mentor and beloved by his many students.

Wilhelm Carl Werner Otto Fritz Franz (Willy) Wien

(18641928)was born in East Prussia. He studied mathematics
physics at the Universities of Gottingen and Berlin. Between 1883
1885, he worked in Her mann von
took a doctorate with a thesis on diffraction and on the inflaeof
materials on the color of refracted light.

In 1893, he announced what would later be called the la
displacement: that the product of wavelength and absolute temperat
a blackbody is constant. In 1896, he proposed a formula which desc
the spectral composition of radiatitnom an ideal body, which he calleq
a blackbody. This work impelled Max Planck to propose quantum efff
t o bring Wi ends di stribution
measurementslis blackbodyformulaearned Wien the 191Nobel Prize
in physics.

abor at
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H: TIMELNE

H: TIMELINE OF IMPORTANT EVENTS IN RADIATION

fiINow, the Devil confound those Ancients, fothey have stolen all my good thoughts from mé!
John Hope, c. 1780

1672 Isaac Newtonpu bl i shes his corpuscular theory of [
originally set forth byRene Descartesn 1637) positing that light is composed of individual
corpuscles that travel in straight lines and have intrinsic characteristics such as color.

1690 Christiaan Huygenspublishesa treatise on the wave theory of light, which can explain effects
such as diffraction and slowly displaces Newt

~1700 Gabriel Daniel Fahrenheit proposes a reproducible temperature scale for alcohol and mercury

thermometers.

1729 Pierre Bouguer establishes the exponential attenuation of light through the atmosphere.

1742 Anders Celsiusproposes a temperature scale based ant éce aldboiling poins.

1760 Johann Lambertb s book reaffirms Bouguerds exponent.
cosine law dependence of radiation from a diffuse surface.

1791 Pierre Prevostpostulates that all bodies radiate energy regardless of the presence of other bodies.

1800 William Herschel finds the presence of radiative energy in the previously unknown infrared
portion of the spectrum.

1824 Sadi Carnot publishes analysis establishing the Second Law of Thermodynamics for ideal
reversible heat engines, operating on a cycle now known as the Carnot Cycle.

1831 Leopoldo Nobili and Macedonio Melloni use the thermopiteased radiometer to demonstrate
that light and radiant energy have similar characteristics.

1847 John William Draper observes the temperature at whicheated object becomes visible but

missesthe fourth power dependence of emission in his daerhaps because the absolute
temperature scale had yet to be established.
1848 Lord Kelvin pr oposes an absolute temperature scale
1852 August Beershows that the exponential attenuation of light through a solution depends on the
concentration of the absorbing solute. The exponential attenuation relation is often called-the Beer
Lambert Law, although it was first proposed by Bouguer in 1729.

1856 Eunice Newton Footepublishesexperimentalresults showing that CGQand water vapor are
strong absorbers of solar radiation and speculatéiseppossible effects on climate.
1859 W.J.M. Rankine proposes an absolute temperature sdalees Tyndallobserves that blue light

is preferentially scattered by small particl&ustav Kirchhoff shows that the emissivity and
absorptivity of a body in radiative equilibrium must be equal, both on a spectral and total basis.
Kirchhoff andRobert Bunsenshow that emission spectra can be used to identify elements from
their spectral patterns and develop a spectroscope to identify the presence of trace metals in flame
tests. Method leads tostiovery of cesium and rubidium as new elements in the following year.

185966 James Clerk Maxwelldevelops a heuristic theory of the distribution of velocities among a set of
ideal gas patrticles.

1861 Gustav Kirchhoff coins the termblackbodyfor the ideal absorber and emitter of thermal
radiation.Margaret and William Huggins use a spectroscope based on the KirchBofisen
design to demonstrate that stars areafaay suns.

1863 John Tyndall makes measurements of total gas absorptance, noting that.8OCE,, CHs and
others are strong absorbers compared wittahd Q, and indicates that their presence in the
atmosphere may well affect climatée was unaware of earlier work by Foote.

1864 Maxwell publishesA Dynamical Theory of the Electromagnetic Figtththematically describing
the propagation of electromagnetic waves using twenty differential equations. Heditsasa
statistical derivation of the velocity distribution of gas molecules.
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Ludwig Boltzmannr eder i ves Maxwell 6s velocity distrib
principle, placing it on a sound theoretical basis. It is now known as the Ma&ual&mann
distribution.

Lord Rayleigh publishes his conclusions on scattering from small particles and shows that his
ideas extend to scattering by molecules.

Josef Stefanproposes empirically that emission from a blackbody is proportional to the fourth
power of the absolute temperature.

Boltzmannpr ovi des theoretical justification for S
Oliver Heavisider e duces Maxwell 6s twenty electromagne
now used.

Hendrik Lorentz proposes relation between electrical and radiative properties of conductors.

Willy Wien proposes a thermodynamically based relation between the wavelength and
temperature of one ideal bl ackbody and the i
another (the fADisplacement Law. 0)

Wien proposes a thermodynamically based relation for the spectral distribution of radiation
emission from an ideal blackbody.

Maurice Paul Auguste Charles Fabrywith Alfred Pérotinventsthe interferometer, allowing
accurate measurements of wavelength and refractive iyetr Nikolaevich Lebedevmakes

the first measur ement of radiation pressur e,
electromagnetic theory.

Rayleighproposes a relation for the spectral distribution of the emission of radiation from an ideal
blackbody. However, his relation approaches very large values at short wavelengths, in opposition
to experimental dat a (Ottb éumnier land Erast Prindsleeim c at a s
provide careful measurements of the spectral emission of radiation from an ideal blackbody and
show that both the Wein and Rayleigh distributions lie outsideldteerror bounds at large or

small | T values, respectivel Paul Drude extendsrelation between radiative and electrical
properties of conductors.

Max Planck proposes a relation for the spectral distribution of emission of radiation from an ideal
blackbody that modifies the Wien distribution and agrees with the LurRniregsheim data. The
required assumption of quantized energy states necessary to derivgribsitibn leads to the
beginning of quantum theory.

James Jeanb ol st ers Rayl eighds idea of a spectral
the equipartition of energylbert Einstein showsthatthe photoelectric effect of electrons ejected

from a surface exposed to light cannot be satisfactorily explained by wave theory, but that the

i ncident radiation must have energy quantum
guantum energgtatehypothesis.

Arthur Schusterand Karl Schwarzschild develop a twentensity stream model of radiative
transfer, giving one of the first analytical solutions to radiative transfer in participating media.
Gustav Mie establishes the radiation scattering characteristics of particles.

Johannes Starkreceives Nobel Prize for discovering the effect of electrical fields on spectral
lines.

E. A. Milne and Arthur Eddington provide a solution to the radiative transfer equation in
participating media based on a modified {8tceam model.

Luis de Broglie hypothesizes that since electromagnetic radiation can be interpreted in terms of
particles, then matter particles should also have the characteristics of waves (an extension of the
idea of waveparticle duality).

Svein Rosselandlescribes the opacity of stellar matter in terms ofrnttbw named Rosseland
coefficient.

Erwin Schrddinger publishes his wave equation, describing the wave characteristics of particles
as predicted to exist by de Broglie, leading to rapid advances in quantum Gédrizewiscoins

the termphotonfor the particle/wave carrying radiant energy.
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H: TIMELNE

Hoyt Hottel in a series of papers, chapters and texts provides the engineering basis and
combustion gas property values for calculating radiation transfer in combustion furnaces.
E.R.G. Eckert measures the emittance of €8, and HBO-N, mixtures.

Stanislaw Ulam proposes the Monte Carlo method for modeling neutron interactions, later
extended tonodelthermal radiation.

Sergei Mikhailovich Rytov publishes seminal work otme effect of electrical fluctuationsn
thermal radiationor fluctuation electrodynamics,

Andrey Tikhonov introduces regularization methods to treapdlsed inverse problem

Michael Mishchenko, Raymond Viskanta, Ephraim Sparrow, Robert Siegeland others
expand the engineering treatment of thermal radiation transfapplying mathematical and
physical principles.
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I: HOMEWORK

|: ADDITIONAL HOMEWORK

The homework in this Appendix is meant to provide ingiracr studentgn additional range of
problemsfrom those in the texbor extraassignment or home study. Solutions are in the ®olut
Manual, available from the publisher

Chapter2:
I .2.1pRadiant energy at a wavelength of 2mis traveling through a vacuum. It then enters a medium with a refractive
index of 128.
(a) Find the following quantities for the radiation in the vacuum: speed, frequency, and wave number.
(b) Find the following quantities for the radiation in the medium: speed, frequency, wave number, and wavelength.
Answer (a) 2.9979 x 19m/s; 1.4990 x 189 %; 5 x 1 mi & (b) 2342x 1F m/s; 1.4890x 10 s, 640 x 160 mi &;
15625x 10 °m
1.2.2 What range of radiation wavelengths is present within a gleest that has a wavelengtidependent refractive
index of 129 when the sheet is exposed in vacuum to incident radiation in the visiblesgan@§ed 0.7 em?
Answer 0.310i 0.%43em
I.2.3Plot the hemispherical spectral emissive pokagfor a blackbody in air [W/(hem)] as a function of wavelength
(em) for surface temperatures of 2000 and 6250 K.
1.2.4 A blackbody at 100K is radiating in the vacuum of outer space.
(a) What is the ratio of the spectral intensity of the blackbody at
2= 1.0 emto the spectral intensity at=4.0em?
(b) What fraction of the blackbody emissive power lies between the wavelengthsldiem anda= 4.0 em?
(c) At what wavelength does the peak energy in the radiated spectrum occur for this blackbody?
(d) How much energy is emitted by the blackbody in the rar®©a:04.0em?

Answer:(a) 0.0541; (b) 0.5488.; (c) 2.63#; (d) 45484W/m?
|.2.5 Solar radiation is emitted by a fairly thinay er of hot pl asma near the sunb6s s
with the interior of the sun, where nuclear reactions are occurring. Various methods can be used to estimate the
resulting effective radiating temperature of the sun, such as deitegritie best fit of a blackbody spectrum to the
observed solar spectrum. Use two other methods (as follows), and compare the results-gutitecbftalue of
Tsolar: 5780 K.
(a) Using Wienb6s | aw and t ak iemgstimdteghe poaarddiatmg tentpdragdures ol ar
(b) Given the measured sol ar 2aonstuanngi nhehdéi Bareris@&s s
reductionin energyflux with distance, estimate the solar temperature.rieean r adi us of t he E:
around the sun is 149 x km and the diameter of the sun is 1.392 %Kif.
Answer:(a) 5796 K; (b) 5766 K
1.2.6 A blackbody radiates such that the wavelength at its maximum emissive povwsgrdsn2 What fraction of the
total emissive power from this blackbody is in the raage0.7 toa-= 6 em?
Answer 0.805
1.2.7 A radiometer is sensitive to radiation only in the interval@e08.5em. The radiometer is used to calibrate a
blackbody source at2D0 K. The radiometer records that the emitted ener§pd® W/n?. What percentage of
the blackbody radiated energy in the prescribed wavelength range is the source actually emitting?
Answer 11.2%
1.2.8 What temperature must a blackbody have for 25% of its emitted energy to be in the visible wavelength region?
Answer 4,343 K, 12,460 K (Note: two solutions are possible!)
1.2.9 Show that the blackbody spectral intensigyincreases witfT at any fixed value oé- .
1.2.10 Assheet of silica glass transmitg% of the radiation that is incident in the wavelength range between 0.38 and
2.7em and is essentially opaque to radiation having longer and shorter wavelengths. Estimate the percent of solar
radiation that the glass will transmit. (Consider the sun as a blackbody at 5780 K.)
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If the garden in a greenhouse radiates as a black surface and is at 40°C, what percent of this radiation will be transmitted
through the glass?

Solar radiation

T~

Garden at 40°C \\ ~

fl

il
I
I
|

“

ya ~ X
v lU ff\"\-u /\/ Vv k‘\/\k

Answer 75.6%; 0.003%

1.211Deri ve Wiends displacement | aw in terms of wave numb

terms of wave number, and show thifdnax = 5099.4em-K.

I.212A student notes that the peak emission of the sun
aboutamax = Ca/5780 K = 2897.8/ 5780 = 0.5@. Usingdnax= 1/0.501em, the student solves again for the solar
temperature using the result derived in Homework Probl2iiil. Does this computed temperature agree with the
solar temperature? Why? (This is not tridigdut some thought intevhy)

1.2.13Derive the relation between the wave number and the wavelength at the peak of the blackbody emission spectrum.
(You may use the result of Homework Problethll.)

ANSWer Qmax (Cmi 1) = 5682.68max (€M)

1.2.14 A 6 by 10cm black rectangular sheet of metal is heated uniformly véifi® 2V by passing an electric current
through it. One face of the rectangle is well insulated. The other face is exposed to vacuum and very cold
surroundings. At thermal equilibrium, what fraction of the emitted energy is in the wave number rang&@rom 0.
to 2emi 1?

Answer 0.5086

1.2.15 Radiation from a blackbody source &) K is passing through a layer of air at 12,000 K and 1 atm. Considering
only the transmitted radiation (i.e., not accounting for emission by the air), what path length is required to attenuate
by 35% the energy at the wavelength corresponding to themaaxiemission by the blackbody source? At &is
takea,= 1.2 x 10 * cmi * for air at 12,000 K and 1 atm.

Answer 3.59cm

1.2.16 A gas layer at constant pressiitdnas a linearly decreasing temperature across the layer and a constant mass
absorption coefficiendn (no scattering). For radiation passing in a normal direction through the layer, what is the
ratio I,/l1 as a function of, T,, andL? The temperature randeto T1 is low enough that emission from the gas
can be neglected. The gas constaRit is

Chapter3:

1.3.1 For a surface with hemispherical spectral emissilthydoes the maximum of tH&, distribution occur at the
samea-as the maximum of thEy, distribution at the same temperatureiihf: examine the behavior afE/dar)
Plot the distributions dEsas a function obfor the data of Figure 2.9 of the text at 600 K and for the property data
at 700 K. At whais the maximum oE,? How does this compare with the maximunkgf?

1.3.2 The surface temperatunedependent hemispherical spectral absorptivity of a surfaoee#sured when it is
exposed to isotropic incident spectral intensity, and the results are approximated as shown in the following graph.
What is the total hemispherioamissivity of this surface when it is at a temperature2601K?

acC
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|
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Answer 0.179
1.3.3 A white ceramic surface has a hemispherical spectral emissivity distributi@@@tlas shown. What is the

hemispherical total emissivity of the surface at this surface temperature?
1.0

0.8 -——————————————
0.6 1

0.4

A (pm)
Answer 0.292.
1.3.4 A surface has the following values of hemispherical spectral emissivity at a temper&Q0eof

A (pm) £,( 900 K)
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(a) What is the hemispherical total emissivity of the surfa@®@tK?
(b) What is the hemispherical total absorptivity of the surfa®®@K if the incident radiation is from a gray source
at 1800 K that has an emissivity of 0.815? The incident radiation is uniform over all incident angles.
Answer (a) 0.46; (b) 0.427.

1.3.5 A diffuse surface atI00 K has a hemispherical spectral emissivity that can be approximated by the solid line
shown.
(a) What is the hemispherietdtal emissive power of the surface? What is the total intensity emitted in a direction
60° from the normal to the surface?
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(b) What percentage of the total emitted energy is in the wavelength range 36€m? How does thisompare

with the percentage emitted in this wavelength range by a gray bot@GakKiwith an emissivityJ= 0.611?

1.0 4

0.8
0.7 1

0.55

£

0.45

S Y

7 10
A (pm)

Y S P
wn

Answer (a) 44,010W/m?; 14,009W/n? - sr. (b) 36.7%; 2.0%.
1.3.6 The U. for a metal at 100 K is approximated as shown, anddies not vary significantly with the metal
temperature. The surface is diffuse.

1.0 +
0.6

® 035 +-—————— |

|
o154-——-————————— JI_ ——————— | o 00

| |
0 T I T I T T oo
0 2 4 6

A (pm)

(a) What isUfor incident radiation from a gray source 40@ K with Qloyrce= 0.8227?

(b) What isUfor incident radiation from a source a@0D K made from the same metal as the receiving plate?
Answer (a) 0285, (b) 0.36.
[.3.7 A flat metal plate 0.1 m wide by 1.0 m long has a temperature that varies only along the long direction. The
temperature is 900 K at one end, and decreases linearly over the one meter length to 350 K. The hemispherical spectral
emissivity of the plate des not change significantly with temperature but is a function of wavelength. The wavelength

dependence is approximated by a linear function decreasing'fqomO.BS al =0to’ | =0.02atl =10 Im. What

is the rate of radiative energy loss from one side of the plate? The surroundings are at a very low temperature.
Answer 416.6 W.

Chapter4:
1.4.1 A smooth hot ceramic dielectric sphere with an index of refractiori.40 is photographed with an IR camera.

Calculate how bright the image is at locations B and C relative to that at A. (Camera is distant from sphere.)
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Camera
=
L

==}

Answer 0.987; 0.84.

I.4.2 A smooth dielectric material has a normal spectral emissivityof 0.765 at a wavelength in air ofém. Find
or estimate values fahe perpendicular component of the directieimainisphericabpectral reflectivity ,ud) at
the same wavelength and for incidencd at40°.

Answer (a) 0.86; (b) 0.27.

1.4.3 A smooth ceramic dielectric has an index of refraction 148, which is independent of wavelength. If a flat
ceramic disk is at 1100 K, how much emitted energy per unit time is received by the detector when it is placed at
d = 0° or atd = 60°? Use relations from the EM theory.

0.6 cm
Detector

0.3m p

0.6 cm

Detector

Disk //‘:-— 05m »‘

Answer 1569 x 10°W atd= 0°; 7845x 10° W atd = 60°.

|.4.4 A clean metal surface has a normal spectral emissivify,of 0.065 at a wavelength of 1€m. Find the value of
the electrical resistivity of the metal.

Answer 2.834x 104 W-cm.

1.4.5 Evaluate the normal spectral reflectivity of clean aluminunt@tkiwhenas = 6, 12, and 24m. For aluminum,
the temperature coefficient of resistivity is 0.0039.

Answer 0.971; 0.980; 0.9%.

1.4.6 Polished platinum at 300 K is irradiated normally by a dragly source at 1® K. Evaluate its normal total
absorptivityUh. (Use the method of Exampe4 ofthe text.)

Answer 0.0655.

1.4.7 The hemispherical total emissive power emitted by a polished metallic surf&@is\2n? at temperatur@a.
What would you expect the emissive power to be if the temperature were doubled? What assumptions are involved
in your answer?

Answer 80,000 W/n?.

1.4.8 The following figure gives some experimental data for the hemisphepeatral reflectivity of polished
aluminum at room temperature. Extrapolate the datatd0em. Use whatever method you want, but list your
assumptions. Discuss the probable accuracy of your extrapolationt: The electrical resistivity of pure
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aluminum is aboute = 2.73 x 10° Ohmcm at 293K. At 10em, taken =33.6 -76.4. You may use any, all, or
none of these data as you wish.)

1.00
~ 0 o o o
_ o o
o o
0.90+c O, ©
& i o]
0.80
. Note change of scale
Or?O T T T T T T T T 1 T
0.2 0.6 1.0 1.4 1.8 4.0

Wavelength, A (um)

Answer 0.975.

1.4.9 Using HagehRubens emissivity relation, plot the normal spectral emissivity as a function of wavelength for a
polished aluminum surface used in a cryogenic applicatiof kit ®/hat is the normal total emissivityR¢te Do
not use any relations valid only near room temperature.)

1.4.10 Metals cooled to very low temperatures approaching absolute zero become superconducting; that is, the value
of r¢(T & 0) & 0. Based on EM theory predictions, what is your estimate of the values of the simple refractive index
n, the absorption indek, and the normal spectral and normal total emissivities at such conditions? What
assumptions are implicit in your estimat&§Rat assumptions are implicit in your estimates? (The results
predicted by the Hagen-Rubens relation, and other results from classical electromagnetic theory,
become inaccurate at T < 100 K. Predictions of radiative properties at low absolute temperatures using
more exact theoretical approaches are reviewed in Toscano, W. M. and Cravalho, E. G.: Thermal radiative
properties of the noble metals at cryogenic temperatiies,98(3), 438445, 1976.

1.4.11 The normal spectral absorptivity of a $i® selective surface can be approximated as shown by the long
dashed line in Figurd.20 of the text. The surface receives a flykrom the normal direction. The equilibrium
temperature of the surface i8ADK. Assume the hemispheriespectralli= U(d = 0). What is the value afif it
comes from a grabody source at 4900 K?

Incident flux

— SiO—-Al surface
T,,=1150K — /

\—1 lati
Answer 12,640 W/m?2, nsulation

1.4.12 A directionally selective gray surface has properties as shown below@his isotropic with respect to the
azimuthal angle.
(a) What is the ratidh(d = 0)/J(the normal directional absorptivity over the hemispherical emissivity) for this
surface?
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()

; |
0.5 0.9
alB)
(b) If a thin plate with the aforementioned properises Earth orbit around the sun with incident solar flux of 1350
W/m?, what equilibrium temperature wil!/l it reach? Ass
and is perfectly insulated on the side away from the sun.
the equilibrium temperature if the plate i

(c) What is

(d) What is the equilibrium temperature if the plate i
is very thin and has the same directional radiation properties on both sides. Neglect radiation emitted by or

reflected from the Earth.
Answer (a) 3.0; (b) 517 K; (c) 297 K; (d) 435 K.
1.4.13 A flat plate in Earth orbit is insulated on one side, and the other side is facing normal to the solar intensity. The
incident solar flux is 1350 W/fmA coating on the plate surface facing the sun has a total hemispherical emissivity
of 0.250 over a broad range of plate temperatures. Surroundingee the plate are at a very low temperature.

Telemetry signals to Earth indicate that the plate temperature is 730 K.

(a) What is the normal solar absorptivillyar of the plate surface facing the sun?
(b) If Usolar is independent of angle, what is the plate temperature if the plate is tilted so that its normal is 40° away

from the solar direction?
Answer (a) 2982, (b) 683 K.
1.4.14 The spectral absorptivity of a Si@l selective surface can be approximated as shmlow. The surface is in
Earth orbit around the sun and has the solar flux 13532icident on it in the normal direction. What is the

equilibrium temperature of the surface if the surroundings are very cold?

Answer 672 K.
1.4.15 A thin plate has a directiongray surface on one side with the directional emissivity shown below on the left.

On the other side of the plate is a coating with diffsjgectral emissivity shown below on the right. The
surroundings are at very low tempgirre. Find the equilibrium temperature of the plate if it is exposed in vacuum

to a normal solar flux of 1353 WAwith a solar spectrum equivalent to that of a blackbody at 5780 K when

(a) The directionagray side is facing normal to the sun
I-7


































































































































































